ON THE NATURE OF APPLIED MATHEMATICS* 
R. S. BURINGTON, Bureau of Ordnance, Navy Department** 


1. Introduction. The mathematician is almost always irresistibly attracted 
by unquestionable logical deduction, where the assumptions are clearly and ex- 
plicitly assigned and the conclusion follows with decision and certainty [1]. To 
a very great extent he can choose his mathematical models and materials and 
can more or less decree or dictate the characteristics and manner in which his 
materials behave, and he can do it in such ways that the sometimes muddy 
streams of nature cannot interfere [2]. But the problems of nature are con- 
siderably different, and so are the problems of the applied mathematician. 
In such problems we are given, say, a part of the premises, perhaps a portion of 
the conclusions; also portions of one or both of the premises and conclusions 
may be given, not as precisely determined data, but as data with varying de- 
grees of probability and plausibility. As in pure mathematics, rigorous logical 
reasoning is needed to form a well-mapped structure joining the assumptions and 
conclusions, but it is the foundation anchorage upon which the structure rests 
which is so uncertain, and hence apt to be precarious. It is about the nature 
of these problems of applied mathematics, and in particular those of anchorage, 
that I shall speak today. 

It is inevitable that many of the points of view I shall discuss are similar to 
those held by others. Some of these views have been developed by the great 
masters over the years and may be found in the writings of many. I have found 
certain works of Russell, Langer and Carnap particularly pertinent. Various 
matters which I will raise will doubtlessly strike a familiar note to many of you 
as being a part of your own experience. 

I shall not attempt actually to define pure mathematics, nor shall I try to 
define physics or engineering. I shall not quarrel over whether one is the other 
or not, or as to what are the boundaries between them. Actually, in applied 
mathematics, and in the world at large, there are no such hard and fast com- 
partmentations. When I speak of applied mathematics, I include all of those 
fields commonly known as mathematical physics, physical mathematics, engi- 
neering mathematics, mathematical engineering, mathematical economics, bio- 
mathematics, mathematical statistics, and the like. Where one branch of pure 
mathematics is applied to another branch of pure mathematics, I shall not con- 
sider it applied mathematics in the sense of this paper, even though in some sense 
all pure mathematics is applied mathematics. 


2. On mathematical applications to natural, economic and other types of 
phenomena. A study of almost any field of natural, physical, economic, bio- 
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logical, or industrial science discloses the fact th - actual reactions of the 
objects or situations under observation to various in.'u.nces are almost always 
to a considerable extent complicated. Often the reactions are due to the influ- 
ence of factors which may not be those of principal concern in the study; yet 
even though they be irrelevant or merely incidental, they may present certain 
difficulties and distractions and so becloud the real issues involved. It almost al- 
ways happens that when a full account is taken of all these factors, the resulting 
formulation of the actual problem at hand appears well hidden. Consequently, 
the pertinent factors and/or characteristics in the field of application are very 
likely to be obscured by distracting and confusing features. The result is that 
the problem for which a solution is desired is quite apt to be set in such a 
fashion as to be beyond the realm of possible mathematical solution, if not be- 
yond any type of solution. 

Such difficulties as mentioned above make it necessary and desirable to view 
any natural, physical, economic, . . . situation F in the light of what it might be 
interpreted to be, or actually might be, if the objects or situations could be 
stripped of the lesser distracting elements, leaving only the essential and funda- 
mental features, skeleton and flesh. Just how to determine what is essential and 
fundamental is very often distressingly difficult, and commonly requires long 
study and keen insight; many attempts may be required. Sometimes it is helpful 
to view the field F from the overall point of view rather than the microscopic. 
The importance of reconnaissance before becoming immersed in details should 
be realized. This may help in eliminating or circumventing various pitfalls 
which may hinder progress. In other cases this overall point of view may not 
be particularly useful. In considering a troublesome field it is often productive 
of progress to begin with the simplest cases rather than undertake more compli- 
cated situations involving the less familiar and obvious. The product of all these 
considerations is a certain simplification and idealization or model M of the 
original situation and formulation of the problem [3]. Sometimes more than one 
such idealization is desirable. It is such idealized and simplified models M which 
are made the subject of analysis, and this may entail extensive mathematical 
analyses. 

When the better-established concepts and related intuitive notions prove not 
to be successful as guides in the study of a field F, or preconceptions prove too 
confining, it may be necessary to use a high type of free mathematical construc- 
tion, using premises which may appear to have little connection with previous 
experience as a guide. However abstract the premises so devised, whatever de- 
ductions from theory that may result must always have a readily identifiable 
relation with experience. To carry through successfully such an unconventional 
treatment requires an unusually fine insight [4]. 

The mathematical analysis of an idealized model M may involve the selec- 
tion of a set of observable quantities x1, x2, - - - which are assumed to be appro- 
priate for the study of the problem at hand. The relations R involving x1, x2, «°° 
thus obtained may be algebraic and/or they may involve the functions of 
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analysis, thus leading <: /./ erential equations or the like. It is at this point 
that the services of the nllithematician, as such, are needed. It is his business to 
reveal all that is implied by the mathematical structure R presented. But this 
may, or may not, be possible, for sometimes existing mathematical techniques 
will permit the realization of either only a part or perhaps none of the goal. In 
order to make any progress at all, the mathematician may then be driven to 
make further qualifying assumptions and a corresponding model M’ which may 
or may not be entirely justified. Such compromising assumptions may either 
seriously restrict the field of investigation or may lead to results which are in- 
compatible with the original idealized model M and its prototype. In many such 
cases entirely new fields for pure mathematical investigation become vividly 
apparent [5]. 

Thus the applied fields may suggest problems in pure mathematics which 
need solution, or they may serve to suggest further pure mathematical research 
(perhaps considerably removed from any possible or immediate applicability to 
the original applied field), which may require or involve the efforts of many pure 
mathematicians. Such pure mathematical research should not be confused with 
applied mathematics. 

If one knowingly digresses from a firm foundation for a field F of study, he 
should not blind himself into thinking he has solved the problem. He may select 
any premise he wishes, but what he chooses may not apply to his problem, or 
perhaps at the moment to any other problem. In such cases, he should realize 
that he is dealing with a purely mathematical situation as he proceeds with it. 
Perhaps the results obtained will be useful some other time or place, but he 
should not claim that he has solved the immediate or original problem in F. 

It is of considerable importance to realize that the idealized model M is in- 
evitably somewhat different from the actual prototype situation F. As a conse- 
quence any mathematical results derived from the model M and interpreted in 
terms of the situation F may be questioned quite properly as to their validity, 
applicability, and relevance to the original setting F. In other words, the founda- 
tion anchorage upon which the idealized model M rests must be thoroughly in- 
vestigated in the light of its bearing on the relevance and applicability to the 
original and primary setting F of the mathematical results derived from the 
model. If the model M differs too greatly from the original situation F, any re- 
lated practical considerations or projects may be held back or brought to naught. 
This is particularly and often vividly appreciated by those who in the course 
of their professional work apply mathematics to the problems of industry and 
the business world. No matter how logical and beautiful an analysis is made in 
connection with an industria! project or consideration, if it fails to meet the 
realistic tests of relevancy, adequacy, and applicability, sooner or later the work 
will be recognized by those engaged in the original larger problems F as being 
inadequate, and perhaps shelved as “being worthless because it is too imprac- 
tical, academic, - - - ,” “not giving us the answer, and it is answers we want,” 
and so on [6]. 
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Sometimes, even though the model M is adequate for the particular situa- 
tions to be considered involving the prototype F, attempts are made on the basis 
of deductions made in the system M to say more about the system F than is 
justified by the connection initially established between F and M. In so doing 
meanings are attached to the mathematical terms and relations, connotations 
which are not necessarily valid in F, and which result in fantastic and extrava- 
gant conclusions. This must be recognized and guarded against. The literature 
abounds in examples of this sort of thing, particularly certain types of semi- 
popular and popular scientific publications. 

It is such considerations as these which place bounds on the domains in 
which simplifying models and idealizing abstractions can be successfully made. 
To estimate successfully the,extent to which the idealization or abstraction can 
be made safely requires a discriminating and sharp sense of values and a truly 
adequate, penetrating wealth and depth of understanding. These qualities are 
indispensable. 

In any particular situation whether the model M falls within allowable 
bounds must, as a general rule, be determined by experiment after the analysis 
based on the model has been completed. The crucial test as to the true applica- 
bility of the theory as deduced mathematically or otherwise stands or falls ac- 
cording as its results agree or disagree at suitable points with the data of ob- 
servations, that is, with experiments and measurements. The structure must 
take adequate account of the “facts.” However, in studying the degree of agree- 
ment or disagreement ample weight must be given to the probable reliability of 
the test data, and in many cases to the reliability of the premises upon which the 
model and subsequent analyses were made. In both the premises and in the 
test data precisely determined information and data are seldom available, but 
rather are of varying degrees of probability. Whatever the final decision as to 
the applicability or non-applicability of the mathematical theory, the decision 
does not necessarily cast any reflection upon the theory’s soundness as a well-knit 
logical structure joining the premises and conclusions, except in so far as the 
theory involves the use of numerical results or premises which may rightfully be 
questioned, or involves steps which entail actual errors in calculation or logical 
reasoning. When the latter types of errors are missing, the inferences to be 
drawn from the final judgment are likely to bear only upon the legitimacy of the 
abstractions and simplifications which were made in the construction of the 
model and its basis, and this in turn rests upon the discernment and intuition 
used in determining the appropriateness, and sufficiency of the primary idealiz- 
ing approximations [7]. 

A crucial test as to the success of a particular model structure, or theory, lies 
not only in the degree to which the results reached by analyses agree with experi- 
ments and measurements, but in the power of the theory to predict observations 
in the prototype field previously unknown, and in the ability of the theory to 
include all already known pertinent facts in the realm it is designed to describe. 
Often a number of theories or models may be advanced which appear to fit, 
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within a certain range, the prototype field equally well. This may be a good 
thing. Try them out. You will find that your structure or theory is an evolution- 
ary thing. Among these theories T there may appear to be one which is the 
most worthwhile pursuing as the “best bet” for future investigation. Such a 
theory should be suggestive of new lines of investigation. Furthermore, if in 
addition to being suggestive and stimulating to new developments, this theory 
meets the test of prediction, it is very likely to prove to be a truly successful 


‘theory, and probably the most suitable to adopt of the several original appar- 


ently equally good theories T. 

It sometimes happens that a mathematical structure of a theory for an ap- 
plied field, with all of its simplifying assumptions and related uncertainties, is 
considered in the light of its predictions as a basis for making important deci- 
sions involving considerable financial, personnel, or material risk [8, 9]. There 
may be many other factors quite apart from the particular structure used which 
should be considered before final decisions are made. In such cases the experi- 
enced qualitative or quantitative judgment of others should be sought, a judg- 
ment in which the relative importance of various factors, the reliability of data, 
and other pertinent items which may lie far beyond the scope of the available 
mathematical structure, should be given appropriate weights. In making any 
final decisions, a careful synthesis of both approaches and methods is highly de- 
sirable and essential in order to reach the best possible decision. This is no re- 
flection on the work of the applied mathematician as long as he has done all in 
his power to cover the situation adequately within available time, factual, and 
other limitations. 

A study of almost any field of application of mathematics—be it physical, 
economic, biological, or other phenomena—reveals some or all of the char- 
acteristics and difficulties mentioned above, and more too. Thus the success of 
almost any broad program in applied mathematics depends upon superior in- 
sight and perception, and a high level of background knowledge, experience, 
and technical excellence on the part of the investigators. 


3. Types of activities in applied mathematics. There are many ways in 
which the activities pursued in applied mathematics might be classified. For 
convenience I will consider the following general types. In listing these cate- 
gories it is not intended that they should be considered as mutually exclusive 
or exhaustive. In the following discussion, by a field of activity F is meant any 
field of activity whatsoever, be it economic, physical, biological, and so on. 

I. Problems involving the formulation of a general mathematical structure and 
theory for a particular situation or field F being made the subject of study. The his- 
tory of mathematical physics abounds with examples in this category. The 
formulation by Newton of his theory of gravitation, by Maxwell of his theory of 
electromagnetism, by Einstein of his theory of relativity, and the development of 
various theories of quantum and wave mechanics by Planck, Heisenberg, 
Schroedinger, Dirac, von Neumann, and others, are examples of the sort of 
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developments I have in mind. Certain current theoretical developments in 
nuclear physics fall into this category. Various recent attempts to formulate 
mathematical theories of economics furnish other examples. Additional develop- 
ments may be listed in many other fields. 

The formulation of a mathematical structure or theory for a particular field 
F need not be unique. The numerous theories encountered in cosmology, cosmic 
rays, and so on furnish excellent examples of this. 

In the course of my own professional endeavors, I have encountered and 
formulated many problems where the general mathematical structure and 
theory have had to be developed for a field about which relatively little has 
been known quantitatively. In particular, my experiences with the development 
of adequate theories of weapons systems furnish excellent examples. The need 
for such theories arises long before the systems being studied have even reached 
the drawing board stage [8]. As design and development proceed the theories 
must be revised as they pass through an evolutionary stage finally culminat- 
ing in experimental tests and perhaps operational verification. Similar develop- 
ments of theory are required in operational problems. 

It has been stated by many scientists that the art of properly stating the 
question, that is, the art of formulating a problem in a field F, is often more im- 
portant than its solution. This is very important indeed. In fact, the obtain- 
ing of the solution is often merely a series of reformulations of the given prob- 
lem, leading eventually to a formulation which itself is the solution to the 
problem. 

II. Problems involving the formulation of a simplified model or abstraction for 
the purpose of solving a particular problem or class of problems encountered in a 
field F. Such problems may be comparatively simple, but very often may prove 
difficult, and at times may require a considerable degree of originality and in- 
sight. Such formulations may be carried out by analogy or suggestion, or direct 
deduction, derived from a well-established mathematical structure previously 
developed for the field F, or for a field which may be considered analogous. Many 
current problems in radio communication, wave-guide theory, and so on fall 
into this category. If no precedent exists upon which to base the analysis, and 
a structure must be devised, the problem is considered as belonging to category 
I. 

III. The solution of mathematical problems which have their origin in mathe- 
matical and physical structures which are well established (or may be so considered 
at the moment) for the field F. Many of the problems of conventional circuit 
theory, strength of materials, structures, heat conduction, dynamics, and the 
like, fall into this category. While the mathematical structures or formulations 
needed in such cases may be well established, it still happens often that a great 
deal of pure mathematical skill is needed in order to reach the desired con- 
clusions. 

There are many cases where the physical and mathematical formulations 
for the field F are fairly well established, but the purely mathematical theories 
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and techniques needed do not exist, and therefore should be developed. Such 
problems are a challenge to both the pure and the applied mathematician. The 
current research efforts in the fields of non-linear analysis form excellent ex- 
amples, the impetus stemming from problems of applied mathematics (e.g., 
celestial mechanics, electronics, dynamics), problems in which the usual prin- 
ciples of superposition do not hold, problems in which the equations encountered 
are not linear, and which when linearized in various ways lead to solutions which 


‘are incompatible with the underlying physical problems. The last few years 


have seen many instances of this sort. Thus, the development of non-linear 
dynamics by Poincaré, Van der Pol, Minorsky [10], Cartwright, Lefschetz, 
and others has been given impetus by a flood of physical problems in which the 
traditional linear methods fail completely to furnish the required mathematical 
techniques necessary for the proper development and understanding of certain 
physical theories, and the discovery of methods for producing reliable predic- 
tions in these fields. 

The well-known problems of the motion of airships, surface ships, the mo- 
tion of a pendulum, and so on give rise to a host of problems in which linear 
mathematical methods often completely fail to predict the true behavior of the 
systems under study. Thus the oscillations in such cases may have variable 
periods. Existing linear theories are completely inadequate to cope with such 
situations. But the developments of the mathematical theory of non-linear 
mechanics are contributing much to the proper understanding of such phe- 
nomena. 

Similarly the fields of electronics, heavy rotating mechanical and electrical 
machinery, vibrations in airborne structures, strange behaviors in servo- 
mechanisms and control systems, electrical networks and filters with variable 
circuit parameters, and others appear to require the development of more ade- 
quate mathematical theories and techniques. These fields present considerable 
challenge and inspiration to research mathematicians, as well as to applied 
mathematicians and engineers. 

IV. The numerical solution of problems arising in any of the above categories. 
Many of the mathematical problems encountered in applied fields have been 
solved theoretically. However, in many cases, without careful mathematical 
organization and planning, the computational difficulties and the labor invelved 
in obtaining numerical solutions are prohibitive; and even with the best of 
planning the magnitude of the undertaking may be such as to require the use of 
computing engines. Many problems in the theory of gas dynamics, meteorology, 
ballistics, and aerodynamics fall into this category. The general field of 
boundary-value problems of mathematical physics abounds with such problems, 
such as those involving integral equations, partial differential equations, and 
the like, both linear and nonlinear. Much of the incentive for current develop- 
ments in computing machines, computing techniques, theory, and the like, 
stems from such problems. 

Several large-scale calculating engines have been built to obtain the numer- 
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ical solutions to a large variety of difficult and important problems. These 
machines, and some others now in the development stage, should make it pos- 
sible to deal with problems which have heretofore been too complicated to 
handle. They have inspired the development of new methods of analysis which 
should be applicable to the problems now confronting us. 

A word about the use of such machines may be in order. Before a particular 
problem is given to one of these engines for solution, it should be ascertained 
first whether it is important enough to warrant the labor and high expense in- 
volved in operating these engines. A mathematician charged with the prob- 
lems which appear to need the use of such machines should bear this in mind. 
Unless the problem fully warrants the expenditure, the machine should not be 
used; in case it is used, the mathematician should exert every effort to set the 
problem in the most efficient way, and make every effort not to load the prob- 
lem beyond the anticipated needs. 

The development of such machines as the Harvard Mk 1, and the Mk 2 
now at the U. S. Naval Proving Ground, Dahlgren, Virginia, the Eniac, the 
IBM Selective Sequence Calculator, the Bell Computers, and others have served 
to exert great influence on research in numerical methods. The problems sug- 
gested -by practical difficulties encountered (e.g., error estimation in computa- 
tional process, rounding off of errors, coding, programming, and so on) in the 
use of such machines have led to a number of stimulating and thought-provoking 
mathematical studies, such as illustrated by the recent works of J. von Neu- 
mann [11], H. H. Goldstein, H. Aitken [12], and many others. Some of the work 
so stimulated has involved research of a high character in pure mathematics. 
The results of such investigations will bear additional fruit as better means 
are found to carry through the solutions of problems which, but a short time 
ago, no one could or would have dared to undertake. 

V. The statistical analysis and interpretation of data collected in connection 
with experiments or facts relating to studies in a field F. A great deal of applied 
mathematics encountered in practice falls into this category and much of it can 
be classed as routine. 

Wherever studies in a field F involve the collection, processing, and inter- 
pretation of data, the formulation of conclusions, and the presentation of re- 
lated data as supporting evidence, statistics plays an important role. Serious and 
difficult problems sometimes arise which require a high order of mathematical 
statistics. Here mathematical theories are applied to the development of sta- 
tistical methods (e.g., designs for experiments, surveys) and to the determination 
of whether and to what extent various statistical methods are appropriate to 
the problems at hand, that is, to what extent the statistical theories are properly 
anchored both theoretically and subject-wise. 

Sometimes one encounters organizations which collect great volumes of in- 
formation but do little or nothing with it in the way of serious analysis. This 
should not be considered as applied mathematics or mathematical statistics. 
The mere collection of facts is not enough for the solution of many problems. 
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Facts may be plentiful. Any attempt to obtain “all of the data” on a problem is 
likely to result in such an unwieldy mass of mostly irrelevant information that 
any solution desired may be needlessly delayed and hindered rather than 
furthered. To be efficient and useful at an early stage, the gathering of data 
must be selective, and the best methods for their collection must be used. The 
available information is first studied and analyzed. Several working hypotheses 
may be formulated; from each of these are deduced the consequences which 
should follow if that hypothesis were correct; additional data are then sought 
and the old data re-examined for evidence which would either bear out or refute 
the hypothesis under scrutiny. 

Contemporary problems in engineering, physics [13], economics, and the 
social and biological sciences abound in situations where the mathematical 
theories of probability, stochastic processes, ergodic theory, and so on play 
leading and important roles both in the framing of the mathematical structures 
and in the techniques involved. Much of the current research work in mathe- 
matical statistics stems from pressing problems encountered in such fields. No- 
table examples of this may be seen in the recent works of Wilks [14], Tukey [15], 
Scheffé, and others on order statistics; the sequential tests for statistical hy- 
potheses of Wald [16]; the probability theories of Cramer [17], Doob, Feller, 
Kac, Von Mises; the various statistical techniques developed by Neyman, 
Hotelling, and others. 

There appears to be the same distinction between pure mathematical sta- 
tistics and applied statistics, as between pure and applied mathematics in 
general. Statistics can be very useful in almost any field F—physical, social, 
biological, or otherwise. If such work is to have the best possible anchorage in 
the field of study at hand, the statistical techniques used must be adequate 
and appropriate, but in addition the theories and principles peculiar to the field 
F behind the events leading to the statistical data must be taken fully into 
account. For the best of results a suitable compromise between these two highly 
complementary disciplines must be found and used intelligently. 


4. On the nature of pure mathematics and its role in applied mathematics. 
As discussed earlier, the grounds for the acceptance of a theory in any field F of 
physical, economic, ... science consist in the agreement at strategic points 
of predictions derived from the theory with the data of experiment. This is the 
basis for the acceptance of the results and predictions obtained by the applica- 
tion of mathematics to any such field F. But such acceptance necessitates also 
the acceptance of the deductions involved which hinge on the operations of pure 
mathematical techniques. This raises the question as to what are the grounds 
upon which the acceptance of pure mathematics is justified. 

The development of a pure mathematical theory may be considered to pro- 
ceed from a set P of definitions and postulates, the selection of which is a matter 
of choice, which are not subject to proof within the theory. Set P is stated in 
terms of certain primitive concepts which are left undefined within the theory. 
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The primitive terms may be interpreted in various ways, but, of course, the 
interpretation used should be consistent with P. The entire mathematical theory 
is completely determined when the primitives and postulates have been stipu- 
lated, and the principles of logic selected; that is, once the principles of logic 
which are to be accepted and used in the theory have been chosen, every term 
of the theory can be defined in terms of the primitives, and every theorem of the 
theory can be derived logically from P. This is a point of view commonly taken 
in considering mathematics as an axiomatic deductive system. 

It is known that the content (concepts and propositions) of classical arith- 
metic, algebra and analysis can be derived from a rather simple system of 
postulates (Peano’s) involving three primitives, using the rules of ordinary 
formal logic, the “axiom of choice,” and the definitions of the non-primitive 
mathematical terms. Any interpretation of the primitives consistent with the 
postulates turns the postulates and all theorems deducible therefrom into con- 
sistent statements [21]. Actually, many valid interpretations of the primitives 
can be made. Moreover, when the primitives are interpreted in their usual 
meanings (#.e., “0,” “natural integer,” “successor”), the Peano postulates are con- 
sistent, and ordinary mathematics (classical arithmetic, . . . ) appears as a valid 
theory of the mathematical concepts used in their ordinarily intended meanings 
[18, 19, 20]. 

In the case of those branches of mathematics which do not stem from arith- 
metic (e.g., topology, geometry, fields, group theory, and so on), the situation 
is quite similar [22]. Each such branch of mathematics can be treated as a de- 
ductive system stemming from a suitable set of postulates P. If a theorem T is 
derived from P, by suitable principles of logic, then T is “true” provided the 
postulates (involving unassigned meanings) are accepted as “true” [23, 24]. 

In applying any such branch of mathematics to either a specific field of pure 
mathematics or of applied science, it is necessary to allocate to each primitive 
some specific meaning and then find out whether this converts the postulates P 
into consistent (“true”) statements. When this is the case, all derived theorems 
T are also consistent (“true”) statements. To put the matter in a slightly 
different way: Pure mathematical propositions are of the form P implies T, 
where both P and T involve parameters x, y, - - - .The mathematics does not 
concern itself with the truth of either P or 7; what it does do is to assert, 
“If P is true, then T is true”; and (with the acceptance of the more common 
forms of logic) “If T is not true, then P is not true.” In other words, if P is 
true for certain values of x, y, - - +, then JT may be asserted as true for those 
values of x, y,---. 

If one accepts this view of pure mathematics, he may wonder why it is that 
mathematics has proved itself of such value in the applied sciences. In any 
problem relating to field F in which pure mathematics is applied, the role of 
mathematics is to render explicit assumptions or propositions Q in the field F 
which are implied by and included in (or can be deduced from) the premises P 
underlying the treatment of the problem, the propositions Q being hidden and 


i 
4 
2 


1949] ON THE NATURE OF APPLIED MATHEMATICS 231 


perhaps heretofore unobserved. Actually from this point of view the mathe- 
matical process leads to nothing intrinsically new. The theorems of pure mathe- 
matics in themselves give us no information whatever on any field F of physical, 
economic, or other experimental science. While the results obtained are implied 
by the premises P, and are thus not intrinsically new, they may be new in a 
psychological sense. The techniques of logic and pure mathematics applied may 
disclose much more than might be anticipated from a brief examination of the 
premises P involved. It is thus not surprising that one hears so much about 
“the power of mathematics to discover new facts,” even though the mathe- 
matical reasoning merely reveals the relationships hidden in the premises. 

The function of mathematics in an applied field may be thought of as analytic 
and clarifying, but not in itself predictive. Surely the mathematics contributes 
much to the gaining of insight into the field F; it is a key to understanding. The 
predictive power of the treatment in which mathematics is used originates in 
the initial data of observation and from the fundamental laws or premises as- 
sumed for the field F in question. As long as full and proper use is made of 
mathematical techniques, the failure of a prediction in the field F should be at- 
tributed to the inadequacy and unsuitability of the premises and data of ob- 
servation involved, that is, to a weak anchorage of the mathematical structure 
in the field F. 

A word about geometry is in order. Geometry may be considered as either 
“pure” or “physical.” In pure geometry the mathematician may interpret the 
primitives in a plurality of ways, and will do so, and he need not give any specific 
meaning to the primitives. On the other hand, the physical scientist or engineer 
may be willing to accept only one interpretation of the primitives and the 
geometry. 

In physical geometry, and it is this kind of geometry which is so com- 
monly used, the geometry is a kind of theory of the structure of a physical space. 
Here the primitives are interpreted as referring to certain kinds of physical 
entities—perhaps defined, as in the case of measurements, in terms of human 
(or machine) operations; and the theorems and postulates are construed as 
factual properties of interpreted physics relating to space, motions and con- 
figurations of bodies, and the operations involved in defining the terms used. 
Hence the truth of this type of geometric theory hinges on physical, experi- 
mental, and human considerations as well as those of a mathematical character 
[25]. This is in distinct contrast to pure geometry, where no such relationship 
to physics is involved. Pure geometry is concerned primarily with consistencies, 
and as such is regarded as pure mathematics. As pure mathematics, pure 
geometry asserts nothing concerning physical space or any specific field of 
application. 

When the terms of a pure geometry are given physical definitions, and the 
postulates in their physical interpretations can be considered as true, then the 
theorems of the geometry in the light of their physical interpretation can be 
taken as necessarily true. Such theorems tell us that if D,, Ds, - - - are done, 
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then Sj, S2, - - - will happen [26]. A word in this connection seems appropriate. 
The act of giving the terms of a pure mathematics a physical setting and defini- 
tion does not make the theorems of the pure mathematics necessarily true state- 
ments in a physical field in which the physical terms that are used appear. As 
discussed throughout the earlier sections of this paper, the proper anchorage of 
the postulates of the mathematics in the physical field is also very necessary. 
As long as an adequate amount of confirming evidence appears in the physical 
field, and until some disconfirming evidence has been discovered, the theory 
may be accepted. 

A word of caution should be voiced at this point. It is my intention here to 
emphasize the nature of applied mathematics, the nature of its anchorage in the 
applied field, and the nature of the pure mathematics which may be involved. 
In carrying out this intent, I have deliberately stressed the postulational and 
deductive character of pure mathematics. Actually I could not leave this topic 
of pure mathematics, its nature, and its relation to applied fields without em- 
phasizing the great importance in both pure and applied fields of the forces of 
intuition, invention, and discovery, and the motives underlying any develop- 
ments of value in these fields. Surely they are most important and indispensable 
elements in both pure and applied mathematics. 

Not only is there importance to these intuitive forces, but they may enable 
one to frame more meaning to the mathematics. It may be that mathematics is 
much more than it is thought to be when viewed from the deductive postula- 
tional basis [27]. 

In the soul of man there is higher ability which may enable him to formulate 
concepts and postulates and to so order them that they serve to produce and 
create new results. It is this sort of thing that cannot be measured in the postula- 
tional deductive system of mathematics, and it is a very important part of 
mathematics, pure and applied. 


5. Further examples illustrating the nature of applied mathematics. Each of 
the categories J,---, V of activities discussed in Part 3 contains some or all 
of the general characteristics discussed at length in the earlier parts of this 
paper. A comprehensive investigation of a fairly large field F may entail some or 
all of these categories, and perhaps others. 

As additional examples of the principles under discussion, I will mention 
several fields of activities of considerable current interest. In selecting these illus- 
trations, I have not attempted to be exhaustive, but merely illustrative. Many 
other fields will doubtless occur to you. 

Seismology. In seismology earth waves supply the basic data. Such waves 
play the same role as sound waves do in acoustics, and as electromagnetic 
waves do in radio communication. Not too much is known about the structure 
of the earth’s crust or the types of waves that earth materials in place will 
transmit. Quantitative observational evidence as to the types of waves of this 
sort is meager. Some information has been obtained from seismographs of earth 
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waves generated by earthquakes, but such sources are, of course, unpredictable 
and do not furnish a controlled source. Explosive blasts as generators of earth 
waves have furnished some controlled quantitative information. One of the basic 
problems of seismology is to establish observationally the types of waves which 
earth materials when in place will transmit and support. Classical mathe- 
matical geodynamics has indicated that waves in the earth must be elastic in 


. type. In 1885 Lord Rayleigh predicted from theoretical mathematical considera- 


tions the earth wave now known as the Rayleigh Wave, but the existence of such 
a wave was not shown observationally until 1931. Lamb predicted from theo- 
retical considerations in 1904 a certain type of wave pattern which could be 
generated by a vertical impulse force, but the necessary experimental conditions 
were not succesfully realized until July 16, 1945. One type of surface shear wave, 
now known as a Q-Wave, was predicted by Love from theoretical elasticity con- 
siderations. The predicted Q-Wave was first observed in 1939, along with a 
heretofore unobserved and unpredicted wave called the coupled or C- Wave, in 
connection with the study of earth waves generated by dynamite blasts. The 
1945, New Mexico tests also showed the existence of still another type of earth 
wave known as the Hydrodynamic Wave, which had not been reported or pre- 
dicted previously [28]. In general, the test results of 1945 differ widely and very 
significantly from predictions [29]. The evidence seems to indicate that existing 
theories are inadequate, due not only to the lack of suitable observational data, 
but due also to an inadequate anchorage of the theory, and to inadequate 
mathematical techniques. Thus, while volumes have been written on the theory 
of elasticity and elastic waves, there still is need for both quantitative experi- 
mental information and a suitable mathematical theory, a theory anchored 
firmly in the known data which will predict all known types of earth waves, and, 
if possible, one which will say “here are all the types, there are no others.” The 
field of Seismology offers a challenge not only to geophysicists and seismologists, 
but to mathematicians as well. 

Mathematical biophysics. In recent years certain phases of biophysics have 
become increasingly more analytical in character [30]. The trend is indicated 
by the magnitude of research now underway in the field of mathematical bio- 
physics. One of the principal goals in this work is the construction of a mathe- 
matical biology which will stand in the same relation to experimental biology 
as mathematical physics now stands to experimental physics. A survey of cur- 
rent literature in this field shows the extent to which investigators are trying to 
build a mathematical biophysical structure which will be firmly anchored in the 
data of experiment, and which will stand the tests of prediction and those other 
requirements which any such structure must meet. 

Some of the developments now in progress on theories of nervous systems 
(e.g., mathematical neuropsychology) are quite analogous to, and actually are, 
theories of communication [31]. So little is known—and some of the existing 
experimental data are such as not to hang together very well—that theories in 
this field, as well as in the general field of mathematical biology, may well be 


e. 
of 
y. 
tO 
1e 
d. 
ic 
of 
le 
q 
is 
re 3 
d 
of 
of 
is 
or 
n 
y 
ic 
e 
IS 
h | 


234 ON THE NATURE OF APPLIED MATHEMATICS [April, 


expected to change rapidly as time goes on and the anchorages are changed, just 
as has been the case in the history of cosmological theories. 

In a field of this sort there is a considerable tendency to make use by 
analogy of the results of classical mathematical physics. Such attempts may be 
productive, but the pitfalls which are so often experienced with the use of 
analogies should be guarded against. Perhaps a very fresh approach in which 
the attempt is made to build a structure directly from the known biological 
data might in the long run prove more fruitful of lucrative advances. 

A very recent development in this field is the research of Norbert Wiener on 
cybernetics [32]. In this work a new effort is made to find the common elements 
in the human nervous system and in the functioning of automatic machines. 
The attempt is to develop a theory which will cover the entire field of com- 
munication and control, both in living organisms and in machines. 

The field of communications. In communication engineering, the principal 
interest is in the accurate and rapid transmission of signals. Here is a field which 
exhibits activities in all of the Categories J, - - - ,V. In spite of the amazing ad- 
vances which have been made in the field of communications, there still remain 
many major unsolved problems. Today the propagation of waves along lines, 
wave guides and surfaces plays a major role in communication practice. This 
means research over the whole frequency spectrum. Here we see merging the 
older circuit theory for low-frequency phenomena and the field theory of high- 
frequency phenomena [33]. 

Much was developed during the war principally from fundamental research 
which was carried out prior to the war. A considerable portion of this work re- 
mains unpublished, or is not available for general use. 

Powerful mathematically-trained groups may well formulate a more general 
structure upon which the entire subject can stand. The discovery of new types 
of circuit elements, semi-conductors, new methods of detection and rectifica- 
tion (as the Bell Telephone Laboratories’ Transistor), new switching techniques, 
and the like throws this whole field open to new intensive study. 

The use of pulse systems of communications, television, and radar point to 
the need for a new, more direct approach to circuit behavior with particular 
attention to transient phenomena. There is some indication that a new super- 
position principle is needed so that the overall characteristics of the newer 
systems can be determined readily and directly from those of the individual 
elements. 

The fidelity of transmission is intimately related to noise since the received 
signal is a function of both the original signal and such additional noise signals 
as are inevitable in transmission. A study of what happens to noise disturbances 
when they pass through transmission lines and systems has been the subject of 
much successful investigation. The work of Rice [34] on the mathematical anal- 
ysis of noise is noteworthy [35]. 

Considerable work has been done recently on the propagation of electro- 
magnetic waves [36] in bent pipes or wave guides [37]. It appears that a more 
general mathematical structure for this field is needed. 
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Much still remains to be done in the theory and design of antennas, reflec- 
tors, and so on. This field provides many opportunities for improving mathe- 
matical techniques. A more thorough, rigorous and well-founded formulation of 
the transmitting, receiving and other properties of antennas is being actively 
pursued by investigators [38]. Here is a good example of an activity of the type 
of Category I, where a soundly anchored structure for the theory is being ac- 
tively sought. A better mathematical theory for predicting the directivity and 


selectivity of an antenna system which takes proper account of geometric fea- 


tures, physical sizes, and neighboring matter is needed. This will no doubt in- 
volve the formulation of new general concepts and theorems. For example, the 
design of an antenna along classical lines for installation in aircraft may prove 
to be wholly unsatisfactory unless unusual care is taken to account for the radia- 
tion properties of the airplane itself. Here is a real problem for both the designer 
and the mathematician; a completely satisfactory solution is not yet known. 

Very recently C. A. Shannon [39] has published an important new paper on 
the mathematical theory of communication. This theory makes extensive use 
of stochastic processes. Probability measure space plays a central role. Here one 
finds beautiful examples of Markoff processes which have been studied so ex- 
tensively in the literature of pure probability theory. Here we find some of the 
concepts, such as entropy, which have been found so useful in statistical 
mechanics playing a central role as measures of information, choice, and uncer- 
tainty. The received signal, noise, and the transmitted signal appear as chance 
variables. 

The recent penetrating work of Norbert Wiener [40] on operations on time 
series has given us a clear formulation of communication theory as a statistical 
problem. 

These new theories of Wiener and Shannon will undoubtedly find wide ap- 
plication, and as with the cybernetics [32] of Wiener, will lead to stimulating 
discussions and progress both in pure and applied fields. 

Fluid mechanics. The field of fluid mechanics, the modern hydrodynamics 
and aerodynamics, abounds in inspiration to the mathematical physicist. The 
study of the behavior of bodies in fluids, compressible or incompressible, offers 
much room for the applied mathematician. The fascinating problems of cavita- 
tion, the phenomena of the growth and collapse of cavitation bubbles, the be- 
havior of bodies on entering one fluid medium from another, the motion of 
bodies within the fluids, and the related dynamics have long been of interest, 
and in fact are coming into the foreground of mathematical hydrodynamics in a 
powerful way [41]. The tie-up of these studies with thermodynamics, as for 
example in gas dynamics, jets, and so on is a most fascinating study for the ap- 
plied mathematician. Here the problems are vital, real, and intriguing. In each 
of these problems one encounters almost all of the Categories J,---, V. 
Whereas the older hydraulics was essentially empirical, and the older classical 
mathematical hydrodynamics was too much removed in its anchorage from 
actual experimental data, the newer theory of fluid mechanics is based on firmer 
physical principles, and its mathematical anchorage in the science is very much 
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improved. The subject as it is today is closely correlated with the data of ex- 
periment which complement and back up the fundamental structure of the 
theory. 

The newer mechanics draws heavily upon the stronger features of both the 
older hydraulics and hydrodynamics. In the sense of fluid mechanics, both the 
mathematical and the physical theories are fundamental to meteorology, 
oceanography, marine engineering, lubrication theory, and ballistics. Hand in 
hand with this is emerging a modern mathematical theory of hydrodynamics. 

The formation and propagation of shock waves in a compressible substance 
have been the subject of intensive study, because of their importance in the de- 
velopment of high-speed aircraft and in the theory of explosions. The works of 
G. I. Taylor, L. H. Thomas, J. von Neumann, Seeger, Polachek, Friedrichs, 
Courant, and Wey] are of particular interest [42, 43, 44, 45]. 

For a long time a well-founded theory of turbulence has been sought. It is quite 
possible that the theory of random functions may help to furnish a mathe- 
matical framework for an improved theory of turbulence [46, 47, 48]. The actual 
fluctuations in the fluid as measured probably include both random and non- 
random elements. Any theory for turbulence must take adequate account of 
this. As yet methods for experimentally separating these two classes of elements 
have not been discovered. Hence the formation of a theory remains a difficult 
problem. 

The transient and steady-state propagation of sound in fluids, moving or 
stationary, and from one fluid to another, offer a stimulating challenge. Such 
analysis may involve the solution of difficult boundary-value problems. It ap- 
pears there is considerable room for progress here, perhaps in the judicial use of 
assumptions of a statistical character [49]. 

For centuries man has studied the winds and the waves of the sea. The tides 
are now well understood; here classical hydrodynamics has been found fairly 
reliable. Much has been learned about the behavior of winds and waves, particu- 
larly macroscopically. Some features of such behavior can be predicted with 
accuracy while others cannot. In this work there are cases where classical 
hydrodynamics has lent itself well to a successful theory capable of reliable pre- 
dictions, particularly in deep water. But there is much to learn yet. During the 
war years, a great deal was learned experimentally and theoretically about the 
behavior of waves and surf in shallow water, and mathematical methods have 
been successfully used in some cases [50]. Yet in spite of this, little is known of 
the behavior of breaking waves, and of water movements between breakers and 
the beach. One must still seriously question theoretical results when an attempt 
is made to apply them to actual conditions such as on beaches. The excellent 
and effective work done by the U. S. Hydrographic Office [51] and U. S. Beach 
Erosion Board [52] before and during the war years may be cited. Yet there is 
still need for a good mathematical theory for this type of water movement. 
Here, there is much room for mathematical activity in the categories discussed 
earlier, perhaps in Category I in particular.’ 
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Elasticity, plasticity, strength of materials. A classical theory of elasticity has 
long been in existence and has been successfully used by engineers for design 
purposes, but the limitations of the theory are serious. Where existing theories or 
mathematical techniques have been lacking, entirely inadequate, or not avail- 
able, the engineer has gone ahead and built things anyhow. He has often been 
forced to build when he is unable to calculate accurately the stresses and strains 


_ which take place in complex structures. Consequently his structures were some- 


times unsafe, and often times over-expensive, too heavy, too bulky, and the 
like. He has been remarkably successful, though with his progress he has often 
made serious mistakes. With the advent of aircraft the need for lighter, stronger 
materials became absolutely imperative, and the designer was forced to operate 
under severe limitations as to safety factors and the like. Likewise on land or 
sea, one can no longer afford to drag around unwieldy, unnecessarily heavy ob- 
jects. In attempting to meet these needs the designer has learned again how in- 
adequate existing mathematical techniques and theories really are. There is 
great need for a retooling of mathematical techniques and the development of 
new ones in these branches of elasticity, where a great deal of experimental in- 
formation is available and where the ordinary theories of elasticity are known to 
be well anchored. 

Existing theories of elasticity are not adequate for many modern practical 
design problems. The use of laminated materials, of materials whose elastic 
characteristics are orthotropic [57, 58] has brought new challenges to the 
theorist as well as to the designer. Here is a great field for research, both in the 
development of a truly adequate theory and in the development of tools and 
new techniques for computing in the theory. 

Today many materials are being used where not only the elastic properties 
[59, 60] are of importance, but where plastic properties and the transition from 
elastic to plastic to strain hardening states must be adequately accounted for. 
In plasticity, the strains exceed the small values for which the classical theory 
of elasticity is valid. Here we have phenomena where, with the action of repeated 
stresses, and accompanying changes in strains, the material undergoes internal 
changes of such a character that with the restoring of the earlier stress forces, 
the material does not exhibit the same strains. In other words the entire earlier 
history of the material must be taken account of in predicting its performance 
where a kind of elastic hysteresis phenomenon must be recognized, where it 
must be determined whether changes in strain are permanent or not. In the 
mathematical theory of plasticity one objective is to determine the history of 
the state of stress and strain at all parts of a plastic or semiplastic body when 
the history of the boundary loadings and displacements is specified. Such prob- 
lems are now the field for wide investigation. Prager and others are actively 
engaged in building improved theories for the elastic and plastic properties of 
materials. Here, as in other fields, to be successful one must take specific note 
of the experimental procedures used in testing the materials and of the purposes 
for which the theory should be designed. 
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Theory of structures (bridge design). Man has been building bridges and other 
structures for untold ages. The theory and practice of bridge design is considered 
by many to be well established. But a study of the current literature reveals 
many serious unsolved problems in the design of safe structures. Many questions 
relating to rigidity, stability, have been brought to the foreground by recent 
bridge disasters. One notable example of a bridge disaster, directly attributed to 
the wrong “anchorage” of the mathematical treatment of design, is the collapse 
of the bridge which whipped itself to death under aerodynamics forces. A study 
of some of the works of Steinman [61] indicates that here is a real field for in- 
vestigation—for the creation of a new mathematical structure for bridge design, 
one which is strongly anchored in the physics of the problem, a theory which 
can be used for design purposes, one which can furnish criteria for aerodynamic 
stability, and so on. 

This is a field where engineers, physicists, aerodynamicists, and mathemati- 
cians can weld their techniques and experiences to good advantage. 

Evaluation and analysis of systems. Out of the war we have witnessed the 
emergence of a new field of applied mathematics, various branches of which are 
known as evaluation and analysis of systems, weapons systems analysis, opera- 
tions research, and the like. It is capable of very wide industrial and economic, 
as well as naval and military, applications. All branches of the Services have 
made wide use of such fields as a very necessary and useful adjunct to the 
management of large-scale developments and operations [8, 9, 53], and as an 
aid in making important decisions involving large expenditures of money, ma- 
terial, and human effort. It is in these fields that I have devoted a considerable 
portion of my energies in recent years. Some indication of the nature of this 
field can be gleaned from a study of contemporary literature. The foundations 
of these fields are well established in some respects but not in others; much of a 
theoretical character remains to be done. Activities of the sort described in 
Category I play leading roles. 

Theories of economic behavior. Time will not permit me to go into the recent 
impetus given to mathematical economics by the work of Morgenstern and von 
Neumann on the various types of economic behavior and game theories [54, 
55, 56]. Here we find many of the categories discussed earlier, particularly 
Category I, emerging in various interesting ways. Such theories are particularly 
vulnerable because of their anchorage in actual economic phenomena, since the 
situations that can now be handled may not be realized actually in the world at 
large, mainly because of the limited knowledge and incomplete and faulty de- 
scription of the necessary economic facts. However, we can expect the develop- 
ments of this field to go through the same evolutionary stages that I have dis- 
cussed earlier in the case of the physical sciences, and to lead eventually to a 
well-formulated discipline, and probably new mathematical techniques. 

Other contemporary fields. Today the startling research and development 
progress in certain contemporary branches of cosmology, physics, chemistry, 
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and engineering, particularly in the fields related to nuclear energy, can be ex- 
pected to affect profoundly the development of future mathematical and 
physical theories in a way quite similar to the manner in which celestial mechan- 
ics has affected the development of both mathematical and physical theories 
over the centuries. Each of these fields furnishes many pertinent illustrations 
of the principles which I have discussed at length in the earlier parts of this 
paper. 

6. Summary and conclusions. To summarize briefly what I have said: In 
pure mathematics one can choose his own models, but in studying the problems 
of the world of our experience the situation is different, and so are the problems 
of applied mathematics. In such problems one is given perhaps a portion of the 
premises and perhaps a part of the conclusions, though often only in a probabil- 
ity sense. A logical mathematical approach is needed to form a well-organized 
structure to join the premises and conclusions. The process of constructing such 
a structure may be readily outlined in the language of the theory of equivalence 
[3] as follows: 


(1) The extraction from the field F under study of a nearly isomorphic 

(equivalent) model M for F. 
- (2) Reduction of the model M to an equivalent mathematical model M’ 

amenable to treatment. 

(3) A solution of this system M’. 

(4) The interpretation of the solution found in (3) in terms of the mathe- 
matical model M’. 

(5) The interpretation of the solution found in (4) in terms of the model M. 

(6) The interpretation of the results of (5) in terms of the original field F. 


The crucial test of the results lies in the predictive power of the theory and its 
ability to include all known relevant facts. 

The construction of the models M and M’ must be done with very careful 
attention to the foundation anchorage of the structures M and M’, for it is 
upon this that the predictive power of the theory hinges. 

I have indicated in some detail the various categories of applied mathematics 
which are now very much in the foreground of interest, and have discussed in 
general the nature of applied mathematics. 

In actual applications to applied fields, pure mathematics is an invaluable 
instrument for understanding, acquiring, and expressing knowledge. It serves as 
a powerful tool which aids in the disclosure of the implications of given theories 
(or sets of assumptions) in pure and applied fields. The results so revealed may 
be new to man, and as such may be classed as discoveries, though in reality the 
mathematics in itself adds nothing new to the actual content and implications 
embedded in the given theories (or sets of assumptions). However, without 
the mathematics the results might not be revealed. 

The deductions arising from the mathematical study of an applied field are 
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a reflection of the content of the premises used so that any predictions made for 
the applied field stem primarily from these premises, the anchorage, rather than 
from the pure mathematics itself. 

Much use is now being made of mathematical methods and talents both in 
the world at large and in academic settings. Some fields and problems have be- 
come so complicated that they cannot be handled by the older simpler methods. 
Consequently such fields must be re-examined and analyzed with great care. In 
the practice of applied mathematics the problem of anchorage is of utmost im- 
portance, for if anchorage is overlooked, or is incorrect, the results as inter- 
preted in the world of experience may be grossly wrong. Certainly in industry 
the production of poorly anchored work will not be long tolerated. 

For these reasons when mathematics is used in applied science, it should be 
used with one’s eyes open, with conscious and adequate attention to the anchor- 
age in the applied field. 

If there is a lesson which you-may carry home to your students and col- 
leagues it is this: Mathematically-inclined workers in applied fields, particu- 
larly those who lean toward the formalisms and manipulations of mathematics, 
will do well to watch the anchorage of their theories and manipulations in the 
underlying field to which they apply their mathematics, lest in their zeal and 
enthusiasm they forget the tides and winds, and find their ship with anchor 
dragging, or lost, upon the rocks of futility. 
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A GENERALIZATION OF TAYLOR’S EXPANSION 
P. M. HUMMEL anp C. L. SEEBECK, JR. University of Alabama 


1. Introduction. The purpose of this article is to give a generalization of 
Taylor’s expansion. We develop a power series expansion which can usually be 
made to converge about twice as rapidly as the Taylor expansion. Special cases 
of our generalized expansion give rise to an almost unlimited number of ways in 
which a given function may be expanded into a power series so that rapid con- 
vergence is usually possible by proper choice of the series used. Finally, it will 
be shown that the results of several recently published papers are very special 
cases of our general expansion. 


2. The general theorem. The requirements on the function f(x), which is to 
be expanded, are identical with those required for the Taylor expansion. It will 
be assumed that f(x) is continuous in an interval which contains a and x. It 
will also be assumed that all derivatives of f(x) up to and including the one of 
order m+n+1, where m and n are positive or zero integers, are continuous in 
the same interval. Throughout the article the greek letter @ will denote a value 
between a and x. Also, we will denote the binomial coefficients by ,C, with the 
understanding that ,C,=0 if g is greater than p. 


THEOREM. Under the conditions just stated 


(1) g(a) = + (= 1) — 0) + 
(m n)! 


where 
m'\n\(x — 


R = (-1)*- 


6 between a and x. 
Proof: We define 


(2) F(z) = f (i) g(t) dt, 


where g(t) =(x—#)"(¢—a)". By a well-known formula for repeated integrations 
by parts* 


(3) F(a) = 


It is not difficult to show by induction that 


* See for example Cours D’Analyse Mathematique, Goursat, page 190. 
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Therefore g(a) =0 if 7<mn, and for t2m, all terms vanish for ¢=a except the 
one for which k=n. Hence 
(4) g(a) = — a) 
Similarly, g(x) =0 if and for i=m, 
(5) g(x) = (—1) — a) 


Using (4) and (5) in (3) and changing indices by setting k =m-+n—1, one easily 
obtains 


(6) (—1)"F(x) = (m+ B)![(—1) Caf (2) — (a) (x — 
k=0 


We now return to (2). Since g(#) is of constant sign throughout the interval of 
integration, the mean value theorem for integralst may be applied to give 


F(a) = 
@ between a and x. To evaluate the integral we set t=(x—a)u+a and obtain 
1 
F(x) = (9) (x f (1 u)™u"du. 
0 


This last integral is a Beta function and equals m!n!/(m+n+1)!. Therefore 


7) F(x) = m\n\(x — a) ™tntt 
( 


The theorem is now obtained by eliminating F(x) from equations (6) and (7). 
This completes the proof. 

By inspecting the fundamental equation (1) it is clear that by different 
choices of m and n, a wide variety of expansions is possible. Some of these are of 
particular interest. If »=0, for example, we have the familiar Taylor finite 
expansion with a remainder. The case where »=m seems unusually interesting 
and may be written 


(2n — k)! 


(8) = f(@) + f(a) — ( — (2) — + B, 
k=l (2n)! 


where 


t See for example Advanced Calculus, Sokolnikoff, page 113. 
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(2n)!(2n + 1)! 


The coefficients in (8) are easily computed by setting 


(2n — k)! 
= ———— 
(Qn)! 
and using the easily established recursion formula 
n—k 


and = }. 


Ci = Ck; 
That the expansion (8) usually converges rapidly can be seen by inspecting 
the remainder term. Using Sterling’s approximation for factorials, it is not diffi- 
cult to show that 


| R| < 2(e/4n)2"+" | (x — |. 


The above expression indicates that even for moderate m the remainder term in 
(8) is usually small. 

Finally it should be pointed out that the expansion (1) does not lend itself 
well to all types of functions since it requires the evaluation of the derivatives 
at both a and x. For certain types of functions, however, this creates no diffi- 
culty as will be illustrated in the next section. 


3. Applications. Let us consider equation (8) with » =1. For this case we have 


f(a) = fla) + — a)[f'(a) + - 
If we choose f(x) =x"+!, it follows readily that 
n(n? — 1)(x — a)*9"-? ; 


12 


= + (x — a)(n + 1)(a" + 2%) 


If, as is usually the case, x —}(n+1)(x—a) #0, this last equation can be written 
in the form 


2a + (n + 1)(x a) n(n? — 1)(x — 
~ Qe — (m+ 6[2x — (n + 1)(x — a)] 


A formula equivalent to the above, without the remainder term, was first given 
by V. A. Bailey (Prodigious calculations, Australian Journal of Science, vol. 3, 
No. 4, 1941, pp. 78-80). Bailey did not prove the formula. J. S. Frame dis- 
cussed Bailey’s formula in this MonTHLY, April, 1945, pp. 212-214. Frame gave 
a proof and showed that the error was of the order (x—a)*. More recently, 
H.S. Wall (this MonTHLY, February 1948, pp. 90-94) derived Bailey's formula in 
connection with the problem of extracting roots with essentially the same results 
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as obtained by Frame. When the formula is used recursively for the extraction of 
roots, the rapidity of convergence is amazing. Wall’s article discusses this so 
well that a numerical example will not be given here. Obviously by taking »=2 
or 3 in (8), an analogous formula can be developed for powers or roots which is 
highly superior to the Bailey formula. 

As a second illustration we choose f(x) =e*. By choosing »=4 and a=0 in 
(8), one easily obtains after obvious simplifications 


+ 322/28 + 28/84 + 24/1680 
Fa + 322/28 — 23/84 + 2*/1680 


where 
25,401,600(1 — + 3x2/28 — x3/84 + x4/1680) 


7. Setting x =1 in the above formula gives e=2721/1001 =2.718281718 - - - which 

| is in error less than 1 in the 7th decimal place. For comparison purposes, using 

IP the Taylor finite expansion with m =4, gives an error of 1 in the second decimal 
place. In fact it is necessary to take »=12 in the Taylor expansion to get ac- 
curacy to 8 decimal places. By taking m = 12 in formula (8), the error is less than 
1 in the 30th decimal place. 


4. Extension to infinite expansions. Let p and gq be non-negative real num- 
bers not both zero and let m and m become infinite in such a way that 
n/m—p/q. Under these conditions it is easily shown that 


(m+n — k)! qk (m+n — k)! p* 
(m + n)! k\(p + q)* (m + n)! k\(p + q)* 
: and the expansion becomes, at least formally, 
(9) f(x) = + [a*f(a) — (—p)*f(a)] 
kel ki(p + q)* 
. If in (9) p=0, we get the familiar Taylor expansion, whereas for p=q we get 
(x => g)* 
f(x) = fa) + FO 
ken k!2* 
To prove the validity of (9) let f(x) have the Taylor series expansions 
(u —a k bed 
f(w) = fo) = f(x) 
k=O k=0 k! 


with respective radii of convergence Rg, R,, each greater than |x—a| . We choose 
u and v so that u—a=q(x—a)/(p+q) and v—x=—p(x—a)/(p+q). Since 
q/(p+q) and p/(p+q) both lie between 0 and 1, it follows that u and v’as de- 
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fined above both lie in their respective intervals of convergence. Moreover it is 
easily seen that u=v so that the Taylor expansions may be equated giving 


LP + k! mol p k! 


and (9) follows by rearranging terms. Hence (9) is valid for all non-negative 
values of p and g not both zero provided |x—a| is less than both R,and Rz. 

By choosing a finite number of terms of the infinite expansion, the accuracy is 
usually not as good as that obtained by using a finite expansion of the same 
order. Moreover it is difficult to find a bound for the error when the infinite 
expansion is used. 


A CLARIFICATION 


Dr. Ladopoulos points out that in his article, Some Theorems on Cyclic 
Polygons Inscribed in a Circle, this MONTHLY, vol. 55 (1948), pp. 301-307, the 
final corollary can be stated more clearly as follows: 

Corotiary. The figure A:, Ai, Aj’, in which successive points cor- 
respond under the projectivity 7 on the circle, possesses Brocard points, a 
Brocard circle, and first and second Lemoine circles. 


MATHEMATICAL NOTES 


EpiTep By E. F. BECKENBACH, University of California and 
Institute for Numerical Analysis of the National Bureau of Standards 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


A CHARACTERIZATION OF CONVEX SETS 
V. L. KLEE, JR.,* University of Virginia 


If X is a subset and # a point of a finite-dimensional Euclidean space E, 
Xp will denote the set of all points of X which are nearest to ; i.e., gE Xp pro- 
vided gEX and | p—g| =inf.ex | p—x|. We will establish the following result: 


THEOREM 1. Suppose that SCE is closed and has an interior point. Then S is 
convex tf and only if it has the property: 

(II,): For each pEE—S and qESp, there is an unbounded set of points u for 
which SuD q. 


This result is related to a well-known theorem which asserts that a non- 
empty subset C of E is closed and convex if and only if Cp contains exactly one 
point for each pCE. 


* Atomic Energy Commission Predoctoral Fellow. 
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If x and y are dis _t points of E, then xy will denote the line segment 
joining them and xy will denote the half-line which contains xy and terminates 
at x. If qEXCE, X~'_ will denote the set of all points pCE for which XpDq. 


LEMMA. Suppose XCE, pEE, and qEXp. Then qoCX-'q. If in addition 
X is convex, then gp C X-'g. 

Proof. For each and we have |u—x| =|p—x| —|p—ul| 2 q| 
—|p—u| =|u—g|. Hence g>C X-1g. Now suppose in addition that X is con- 
vex and p€qu. We may assume without loss of generality that g is the origin, 
and then u=kp for some k21. Now if we have k-'x=yEX and | —2| 
=k|p—y| 2k| p—g| =|u—g|. Hence CX-. 


Proof of Theorem 1. Let Q denote the set of all points g@S for which S~'g 
contains a point other than q itself. Theorem 1 asserts that S is convex if and 
only if S~'g is unbounded for each gEQ. Now if S is convex it follows from the 
lemma that it has property (II). Suppose conversely that (th) | holds and for 
each 9&Q, let R(q) be the set of all points p#g for which qpCs- 1g. Then 
R(q) is non-empty. For if g€Q, (Ili) says there is a sequence of points x. with 
|x| and x;€S-'g for each i. For each i let y; be on gx: such that lg- yi| 
=1. Then 1 for some sequence 1a of integers and some y¥q we have yn, a 
But then gy gCS-g, since from the lemma it follows that gx;CS~'q for each i. 

Now for each g&Q and pER(q), let H,, be the hyperplane which passes 
through g perpendicular to pg, and let K,, be the closed half-space which is 
bounded by H,, and does not contain p.(*) Then K,,_S. For suppose S contains 
a point x on the same side of H,, as p. Then Z pqx <7/2, so for a point y suffi- 
ciently far out on qb we have Zyxq>Z-yqx, whence | yr —q| >ly- —x| , contrary 
to the fact that yES—'q.(*) Now define K=M Then K is convex 
and contains S. 

Now suppose z¢S and let W be an open set contained in S. Let C be the 
convex hull of {z}UW. Then there is a point v€Int CXASOE-—S. For some 
e>0, C contains the sphere of radius ¢ and center v. Now let x be a point of 
E-S such that |«—v| <e/2. Since bounded closed subsets of S are compact, Sx 
is non-empty, and since vES, Sx CC. Now let Sx and pER(Q)NC. If Kp, 
we have (since SC K,,)CC Ky, and hence pC Ky,, which is impossible. Hence 
2¢K,,, so z¢K. Thus KCS and the proof is complete. 

By quite a similar proof the following characterization can be established: 


THEOREM 2. Suppose that SCE is closed. Then S is convex tf and only tf it has 


the property: 
(Iz): for each pEE and gES,, gp C S—'g. 


Although proofs have been given only for finite-dimensional Euclidean 
spaces, it is not hard to see that these characterizations are valid in any Minkow- 
skian space whose unit sphere has a unique supporting hyperplane at each 
boundary point. (This uniqueness validates an argument analogous to that be- 
tween the (*)’s above.) And Theorem 2 can in fact be established for any normed 
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linear space whose unit sphere is weakly compact ana also has the property just 
mentioned. (Weak compactness assures that if S is ch 3d, then Sp is non-empty 
for each p.) 


NOTE ON THE STRONG LAW OF LARGE NUMBERS 
R. P. Ditwortn, California Institute of Technology 


In elementary books on mathematical statistics one frequently finds a proof 


of the Weak Law of Large Numbers for the Bernoulli distribution based upon 


the Tchebycheff inequality. However it is well known that the Tchebycheff in- 
equality is not sharp enough for the “strong” law. In this note we shall prove an 
elementary inequality which is of the Tchebycheff type but which is sufficient 
for the proof of the Strong Law of Large Numbers in the Bernoulli case. 

Let p be the probability of the occurrence of an event E£ in a single trial and 
let m be the number of occurrences of E in m independent trials. Then the 
Tchebycheff inequality asserts that 


We shall prove the following theorem. 


where e > 0 andg = 1 — p. 


m 
n ne? 


THEOREM. Let € be any positive number and let € be the smallest of &, p, and q. 


Then 
P,( 


Proof. Since the probability of exactly m occurrences of E in nm independent 
trials is given by (%,)p"q"-™ we have 


m>(p+e,)n \ m<(p—e;)n \M 
Now since 


n nN be n 
> ( s ( = ( 
m>(p+e,)n \M m>(pte)n \M m=[(pte)n+1] \M 


where, as usual, [x] represents the greatest integer in x. Replacing m by m+1, 
we obtain 


! 


m>(pte)n \M (m + 1)!(n — m — 1) 


m 
a) S 2(1 — 
nN 


m 


np (n — 1)! 
s 
[(p + €)n] +1 — 1 — m)! 
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Again replacing m by m+1 in the summation, we have 


n np (n — 1)p 
Man—m < 
m>(p+e1)n )e : ~ 
— 2)! 


m!(n — 2 — m)! 


If this process is repeated k times, where kS [(p+e)n], we get 
m>(p+ex)n \M (p+en (pt+en—1 (pt+en—k 


where the inequality [x]>x—1 has been used and the sum has been replaced by 
its bound 1. Now let k=[ne]. Then since eXq it is easily verified that 
(n—l)p/(p+e)n—l increases with / and hence 


= (1 — 


But we also have 


n nN 
m>(p—e;)n \M n—m<(qte;)n — Mm 


and hence the same inequality holds for this sum. Thus 


m 
n 


> a) < 21-9" 


which is the conclusion of the theorem. 
Since, for x>a>0, we have (1—a/x)*<e~*, we get the following corollary.* 


Coroiary. If ¢ is less than the smaller of p and q, then P,(|m/n— p| >e) 


From the Corollary it follows that if 0<eSmin (p, g), the probability that 
|m/n—p| >e for at least one m greater than mp is less than 2 Ds, e-*. Hence 
the probability that m/n differs from » by more than ¢ for infinitely many 1 is 
less than 2 for every mo. But since converges, >on, ap- 
proaches 0 as mp». Hence we get the Strong Law of Large Numbers for the 
Bernoulli distribution; namely 


m 
= i. 
n 


* The inequality of the Corollary is essentially that given by Uspensky, Introduction to 
Mathematical Probability, p. 206. 
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A NOTE ON LINEAR EQUATIONS 


R. M. Rosrnson, University of California 


Suppose that from a system of three linear equations in three unknowns 
x,y, 2, we can deduce that x =1, y=2, z=3. Then of course the equations cannot 
have any solution other than x=1, y=2, z=3. But does it follow that this is 
actually a solution of the given system of equations? Obviously not, if all 
methods of deduction are allowed, since the given equations may well be in- 
consistent, and a false premise implies any conclusion. On the other hand, if 
the equations x=1, y=2, z=3 are obtained by forming linear combinations of 
the given equations, then the answer is yes. Since this is the usual method of 
solving linear equations, the result has some practical as well as theoretical 
interest; but I have not seen it mentioned in treatments of the theory of linear 
equations. 


THEOREM. Suppose that we are given the system of linear equations 
(1) = dy (k =1,2,+-+,m). 


If it is possible to obtain the equations 
(2) = C1, Cn 


by forming linear combinations of the given equations, then (2) is a solution of (1), 
and is of course the only solution. 


Proof. By hypothesis, each x; is a linear combination of the left sides of 
equations (1). Thus, for any 7, the equations 


(3) > = 552 (} = 1,2,--+,) 
k=1 


have a solution Aj, Ajo, (As usual, 6;.=1 if and 6;,=0 if 71.) 
Now (3) shows that the matrix (Aj) is inverse to the matrix (a,7), and hence 
that (a;:) is non-singular. Consequently, equations (1) have a solution, which 
can only be (2). 


Remark. It is essential that the number of equations be equal to the number 
of unknowns. Indeed, if we consider a similar statement about m equations in 
n unknowns, we see that it is false of m>n. Consider for example the system 
x=1, y=2, z=3, s=4 of four linear equations in three unknowns. We can ob- 
tain x=1, y=2, z=3 in the prescribed way, but this is not a solution of the 
given system. On the other hand, if m<n the result is trivial, since it is impos- 
sible to satisfy the hypothesis. 
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THE WRONSKIAN FOR LINEAR DIFFERENTIAL EQUATIONS 


M. S. KNEBELMAN, State College of Washington 


1. Introduction. We consider a linear differential equation with constant 
coefficients 


+ Aw" Ao #0, 


and the Wronskian of a set of linearly independent solutions. We shall take 
e** as a solution corresponding to a simple root and e®*, xe*, - 
as the set of solutions corresponding to a root 6 of multiplicity s of the auxiliary 
equation. It is a classical fact that these solutions are linearly independent and 
consequently their Wronskian does not vanish. The converse of this proposition 
is also true for the type of functions considered.* By Abel’s equation the 
Wronskian W(x) is given by W(0)e~41*/40 so that our problem reduces to the 
computation of W(0). It is an intriguing problem to obtain W(0) for roots of 
various multiplicites; the only thing I have been able to find in the literature is 
W(0) for the case of simple roots. In that case it is given by Vandermonde’s 
determinant and is of course a special case of our result. 


2. Lemma. We shall use the following identity. 


LEMMA: 
x" Dx" D*x" 
A= = T](R!). 
k=0 
gnts-1 Dxnts-1 D2xnte-1 


This is probably a well known result and its calculation is simple enough; 
after writing the various derivatives explicitly, one may factor x*~‘ out of the 
(¢+1)st column and then x/ out of the (j+1)st row so that the total power of x 
inA is (n—i) + = nm =ns. The remaining numerical determinant, 
which we denote by A(n, s), may be computed as follows: subtract the (s—1)st 
row from the sth; then the (s—2)nd from the (s—1)st, etc., and finally the 
second row from the first. This leaves a determinant of (s—1) rows in which the 
ath column has a common factor Thus A(n, s) =(s—1)!A(n, s—1); conse- 
quently A(n, a) =(s—1)!(s—2)! +--+ 2!1! and the lemma is proved. 


3. The Wronskian. Returning to our differential equation, we assume that 
the auxiliary equation has the roots ai, ae, + + , a, of multiplicities 71,72, re. 
We choose the set of linearly independent solutions xie*i7, \;=0, 1, 2,---, 


* Cf. R. P. Agnew, Differential Equations, p. 327. 
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r;—1;7=1, 2, +++, k and it is the Wronskian of these functions for x=0 that 
we are trying to compute. Since 


Deemer?) = ( 


A/S dx 
we have 
0 m 
where 
d™q? 
D*a? = ‘ 
da™ 


then W(0) has the form 


W(0)= 


W(0) is obviously a polynomial in aj, ae, - - 


& 6 


a;=a; for some Hence 


(A) 


- , a, and it vanishes if and only if 


the values of the exponents \,; depending only on 7, rz, - - - , 7» and not on the 
values of a;. In order to compute Ax, we let a, =0; then all elements in the first 
7, columns of W(0) will become zero except those in the main diagonal of the 
first 7;-rowed principal minor so that 


‘ 

m 

D"a?, 

5 

1 0 1 0 Qh Gees 

2 2 2 

a” Do + ++ ++ Da: | 

Lal Lal ry r ry 

rytr 

a 
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ry4l 


By our lemma the lowest power of az is obtained from the r2-rowed first principal 
minor in the above determinant and this power is 7172. Writing the product in 
(A) with a,=0, we get 


- avs) os)" (aR II (ai - a)“ 
j>i>2 
and evidently the lowest power of a2 in this expression is Az. Hence Ay=rre 
and quite similarly it follows that Ai;=ri7;, (¢4j). To find the value of 
, Tx) we note that it is the coefficient of 

in the expansion of the product in (A), while in the determinant the coefficient 
of this term is the product of the coefficients of the minor blocks in the main 
diagonal. Hence by our lemma again 


Putting these results together we obtain 


W(x) = Il (re — — /40, 


t=1 


DIOPHANTINE EQUATIONS CONNECTED WITH THE CUBIC FERMAT EQUATION 
J. D. Swirt, University of California, Los Angeles 


1. Introduction. The Diophantine equation, a’—2z* = 3a, is derived from the 
Fermat cubic equation, x*+y'=2', by the substitutions x+y=a, xy=b. The 
new equation may be solved by quite elementary means, and its solutions may 
be employed with reference to the original to produce an infinite set of Dio- 
phantine equations of known solutions. Thus, by combining the results of two 
related equations, we actually solve infinitely many. 

Secondly, all solutions of the derived equation correspond to solutions of 
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the Fermat cubic in integers of quadratic fields, and when combined with 
results due to Burnside, may be shown to be essentially the general solution in 
such fields. 


2. Solution when (b, z)=1, (a, 6)=1. (These equivalent conditions cor- 
respond to x, y, 2 coprime in pairs for the Fermat equation.) 

a) From (a—2z)(a?+az+2?) =3ab, we have 3| (a—z) or 3| (a?+az+2?); but 
these are equivalent, so both are true. 

b) Let p be prime, p#3, p| a; and let 3k+j be the highest power of » which 
divides a, 7=0, 1, 2. Then p**+i | 23; and if 740, then pre+n| 28 and therefore ab; 
thus p| b, a contradiction. Similarly, let 3i+7 be the highest power of 3 dividing 
a and, proceeding as before, either j7=2 or «=j=0. Thus a=n' or 9m, where 
(n, 3)=1. (This convention with regard to m will be continued throughout.) 

c) In the first case, a=n*, we have z=n*—3mn, m arbitrary, since n| z, and 
3| (a—z); b=3m(n*—3mn?+3m?); and (3m, n) =1 is a necessary and sufficient 
condition that the GCD conditions be satisfied. 

d) If a=9m', then 2=9m'—3mn, and again 
(3m, n) =1. 


THEOREM: The solutions of a*—z'=3ab, (b, 2)=1, are given by the sets: 


(1) g=n—3mn, 6b = 3m(n* — 3mn? + 3m’), 


(2) a@ = 9m'*, z = 9m* — 3mn, b= n(27m* — + n*), (3m, n) = 1, 
m and n otherwise arbitrary integers. 


3. The general solution. Relaxation of the condition (3m, m) =1 in (1) and (2) 
above will not provide the general solution. E.g.,a=25, z=10, b=195 cannot be 
thus obtained. The “primitive” solutions here will permit a square-free GCD of 
b and g which exceeds one. However, if p| (b, z), and p*|b, then (a/p)*—(z/p)* 
=3(a/p)(b/p?), where all numbers are clearly integers. Let r=(b, 2); then 
r*/3ab, and r*| 3a if the solution is to be primitive. Let g be square-free, (q, 3) =1, 
but otherwise arbitrary; then g? and 3q? represent the possible new factors for a. 
Combining the results of §2 with the preceding, we obtain the new sets: 


(1) a = 2 = q’n® — 3mnq, b = 3mq(q?n* — 3qn?m + 3m’), 
(2) a = = 3q°n® — 3mnq, b = 3mq(3q?n* — 3qn?m + m*), 
(3) a = 9q?m', = 9q’m* — 3mnq, b = — 9qm?n + n?), 


with the newconditions for sets (1) and (2) that (m, g) =1,and for set (3), (m, g) =1. 


THEOREM: The three sets above give all primitive solutions of a*’—z*=3ab. 
All solutions in integers result from the relaxation of the GCD restrictions imposed 
or, alternatively, from the substitutions asa, z—-s2z, b—s*b, where s ts an arbit- 
rary integer. 
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4. Derived equations. To any solution obtained above, an integral solution 
of x*+-y =23 will correspond if and only if a?—40 is a perfect square, or, equiva- 
lently, x?—ax+6=0 has integral solutions. The only such solutions occur when 
one of x, y, 2 is zero; that is, if z=0 or b=0. From the given solutions, then, all 
cases, when any of 


(1) — 6m)? — 36m‘q, 
(2) (3nq)?(n?q — 2m)? — 12m‘q, 
(3) (3mq)?(3m?q — 2n)? — 


may be a perfect square, are determined. In particular, if the GCD conditions 
are retained, the requirement mng=0 must be met. 

By fixing various of m, n, q, a large variety of Diophantine equations arise 
whose solutions are known in advance. For example, in set (1) let m=1, n=1. 
The equation 


q(q® — 129g? + 369g — 36) = r? 


results. This equation has only the trivial solution g=r=0. Similar sets are 
derived from x?—ax+b=0. 


5. Quadratic fields. If a, b, and z are any rational integral solutions of 
a’ —z' = 3ab, there is a quadratic integer x such that x*+43=2'; x and # are the 
roots of x?—ax+b=0. W. Burnside* has shown that if the Fermat equation is 
soluble in a field of ~/k, it is soluble in the special form where x and y are con- 
jugate and z is rational, and that any solution in the field may be obtained by 
multiplying the special solution by elements of the field. The solutions here 
obtained are integral. If the restrictions of §2 are retained, the solutions are 
primitive (actually the conditions should be rewritten in terms of caprimality 
since the GCD may not exist), while under the conditions of §3, there may be 
possible factors of g in the field. 

On the other hand, if solutions exist in the field Vk: 


(a + Bk)? + (a — BY = 23, 


it follows that a= 2a, n=a?—kB?, and z are rational integers satisfying the basic 
equation of this paper. 


THEOREM: All quadratic integral solutions of x*+y*=2° are obtainable from the 
solutions of with x,=(a++/a?—4b)/2, 
by first removing any factor of q from x, yi, and 2, and then multiplying by any 
integer of the field. If the field admits unique factorization, the solutions may be 
obtained from the set given in §2. 


* W. Burnside, Proc. London Math Soc. (2), vol. 14, 1914, p. 1. 
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CLASSROOM NOTES 
EpiTtEpD By C. B. ALLENDOERFER, Haverford College and Institute for Advanced Study 


All material for this department should be sent to C. B. Allendoerfer, Institute for Ad- 
vanced Study, Princeton, New Jersey. 


THE RATE OF INTEREST IN INSTALLMENT PAYMENT PLANS 
H. E. Stetson, Michigan State College 


Three formulas (besides the Compound Interest formula) are commonly used 
in determining the rate of interest in installment payment plans. These are 
known as the Constant Ratio, Series of Payments, and Interest at End formulas. 

These formulas have been independently developed from certain particular 

assumptions. It is the purpose of this paper to show that all three of these 
formulas may be derived as approximations to the Compound Interest formula 
(sometimes called the Actuarial formula). It is also shown that the rates as de- 
termined by the various formulas satisfy definite inequalities. A new and more 
accurate approximation formula is presented. 
' The Constant Ratio formula is derived on the assumption that each payment 
is composed of a principal repayment and an interest repayment in the same 
ratio that the original unpaid balance is to the interest. The basic assumption 
for the derivation of the Series of Payments formula is that the sum of the series 
of payments is the outstanding debt at the beginning of the installment term. 
The Interest at End formula is derived on the assumption that the payment 
should be used to repay the principal first, then after the principal has been re- 
paid, to repay the interest. 

The following symbols may be used: 


R=periodic payment, 

r=periodic rate, 

n=number of periodic payments (not counting the down payment), 

B=unpaid balance at the beginning of the credit period (cash price less the 

down payment, if any), 

I=total carrying charge or cost of the loan, 
=Rn-B, 

h=the integral number of times R is contained in B, 

K=B-—hR. 


The three formulas are written as follows:* 


* One Hundred Problems in Consumer Credit. Pollak Pamphlet No. 35 by Charles H. Mergen- 
dahl and LeBaron R. Foster, Pollak Foundation for Economic Research, Newton, Mass. 56 pp. 
References p. 53, 1943. 


Consumer Credit Cost Calculator, Household Finance Corp., 919 N. Michigan Ave., Chicago, 
Ill, 
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Constant Ratio, = 
B(n + 1) 
Series of P 
ries of Payments, 
(B+ + 1) 
2I 
Interest at End, rr 


(BEK\h+1) 
The formula for Compound Interest is 


r 


(1) B=R 


We shall show that r,, r, and r7 are approximations of r as determined by (1). 
Since Rn=B-+I, 


I 
B= 
mr 
1—(1+,r)-" 
whence 
2I n—1 (n — 1)(n + 2) 
(2) 36 | 


Neglecting all but the first term of the series in the brackets, we obtain the 
Constant Ratio formula for r,. 

A better approximation to r could be obtained by retaining two terms in 
the series in the brackets. This gives 


61 61 


(3) Ta 


which gives a remarkably close approximation to r. 
Now r, and r, have been determined by the relations: 


2I 2I n—1 
(4) B=——— and B= 
r.(n + 1) ra(n + 1) 6 
Hence, 
1 1 -—1 
(5) —=—+- 


a 
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Relation (5) could be used to find r, in place of (3) or it could be used to check 


(3). 
From (2) and (4), we may obtain 


r r 
n—1 
L- r 
6 
where 
(n — 1)(n + 2) 
L=1 2 

+ 
By (6) ra<r since L>1. Hence, if 
(7) 


then rq is a better approximation to 7 than r,. By substitution of relations (6) 
we see (7) is true if 


r r 
n—1 
r 
6 
which in turn is true if 
n—1 
(8) r(2L — 1) > 2L(L — 1) 
or 
n—1 2L(L — 1) 
r >L—1. 
6 2L—-1 
That is 
—1 —1 2 
6 36 
or 
2 
1 
6 
Thus 


, 

| 
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Since (8) holds for practical values of and 7, we conclude that (7) is true and 
ra is a better approximation to 7 than r,. 
Again, if we expand (1) directly, we have 


p= - 
r 
or since B+IJ=Run 


If we neglect all but the first two terms of the series in the brackets of (9) we 
obtain the Series of Payments formula for r,. 
Again, if we multiply both sides of formula (1) by (1+7)", we have 


Direct expansion of (10) by the binomial formula gives 


(n — 1) 
(11) BL + nr + +++) = Rn[ 1+ 
Neglecting all powers of r higher than the first in equation (11) gives 
21 
r= since Rn= 


n(2B — Rn + R) 
If n»=h+1, we have the Interest at End formula 
21 
(h + 1)(B + K) 
By definition n—h=1, 2, 3,--+. Although »—h may be greater than 1, the 
approximation 7; is obtained when »—h=1. This formula gives better results 
than formulas developed for cases n—h>1. 


We may now obtain the relative size of the rates as they are determined by 
the various formulas. 


since B= K. 


By (7), r->r and ra<r. 
Also r.<rr if 
2I 2I 


(hA+1)(B+K) B(n+1) 
which holds, since h+1=1, if 
Bin + 1) > (B+ K)n. 
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But this inequality can be shown to be valid if n>1. 
Again since B(n+1)+J(n+1) >B(n+1)+(J/3)(n+1), it follows that 


21 
B(n + 1) + I(n + 1) 


Bn + 1) +— 9) 


so that 
The rates as computed by the various formulas may now be put in the fol- 
lowing inequality, 


Some numerical illustrations follow. 


B R n ta r Ye rr 
189.14 10 24 .0170 .0199 .02 .0215 .027 
99.54 10 12 .0262 .0299 .03 .0316 .0375 
37.17 10 4 .0283 .0300 .03 .0305 .032 


MATHEMATICAL VOCABULARY OF BEGINNING FRESHMEN 
C. S. Ocitvy, Trinity College 


No teacher would attempt to take a student through a college freshman 
course in mathematics unless he were sure that the student understood auto- 
matically, through long familiarity, the meaning of words like multiplication 
and addition. But what about words like factor and term? These, to the in- 
structor, are just as “simple,” just as “automatic”; they are part of his every- 
day vocabulary. He uses them in class casually, expecting their meaning to be 
second nature to anyone who has been through high school algebra. 

Unfortunately this is not so. To verify a long-standing suspicion that all was 
not as it should be with the freshman’s mathematical vocabulary, the men in 
three sections were asked, at the beginning of the college year, to write down 
their definitions of each of five words: polynomial, quotient, term, coefficient, and 
factor. The intention was not, of course, to obtain rigorous or polished defini- 
tions. If a man showed that he understood the general meaning of the word, he 
was given the benefit of the doubt. Yet of 60 men quizzed, 33 did not know what 
a polynomial was; 11 missed quotient; 43 defined term either incorrectly or so 
badly that it was impossible to tell whether they knew what it was; 22 went 
astray on coefficient, including 9 who defined it as an exponent; and 19 were hazy 
on factor. 

A common misconception of polynomial was that it meant an expression of 
more than one variable. Others said it was an expression involving several 
factors, which made it hard to tell whether they were misconstruing the meaning 
of polynomial or of factor (most of this group also gave incorrect definitions of 


: 

> 


262 ELEMENTARY PROBLEMS AND SOLUTIONS [April, 


factor). Another wrote “a large or many-figured number.” Another, “a mixed 
number.” One even said “a figure with more than three sides.” 

The distinction between factor and term caused the most trouble. Many of 
the definitions for term covered, or rather uncovered, a multitude of sins: “a part 
of an equation”; “one of any two or more mathematical expressions which are 
related to each other”; “a number or a letter representing a constant or vari- 
able”; “a specific number or quantity”; “a number in a problem”; “any integer, 
unknown, or combination of them”; “anything known in a problem”; “any un- 
known values”; and so on. It was quite obvious that these men had been con- 
sidering the word, term, in its loosest possible sense of “any expression,” rather 
than the usual meaning assigned to it in algebra. 

Of the 60 men sampled, 40 were pre-science majors and 20 pre-arts majors. 
As was to be expected, the arts men fared the worst. Yet the quotations above 
were all taken from papers of the science group. 

A more elementary vocabulary test could scarcely be devised. It is feared 
that too many teachers take for granted that their freshmen are above these 
things. The original blame of course must be placed squarely on poor high school 
instruction. But if students come to us malnourished in mathematical words, we 
must feed them a basic diet first. The men who did so badly on this little quiz 
were not stupid. Some of them were even good mathematics students. They 
simply needed to be given some clear, correct definitions once for all. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpiItED By Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 


E 861. Proposed by Vern Hoggatt, College of Puget Sound, and Leo Moser, 
University of Manitoba 


Let a be any positive number different from 1 and let p be any integer greater 
3. Show that every integer may be expressed by using p a’s and a finite number 
of operator symbols used in high school texts. 


E 862. Proposed by R. E. Horton, Los Angeles City College 


Find the rectangles of greatest and least area which can be circumscribed 
about a given parallelogram. 


4 
‘ 
: 
| 


1949] ELEMENTARY PROBLEMS AND SOLUTIONS 263 


E 863. Proposed by W. O. Pennell, Exeter, N. H. 


If a>0, B>0, a+ 8<7, 0<k<1, then a= is a necessary and sufficient 
condition for 


sin a sin (ka + 8) = sin B sin (kB + a). 
E 864. Proposed by N. S. Mendelsohn, University of Manitoba 
Prove that 


n=1 n=1 
E 865. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find a point such that planes drawn through this point parallel to the faces 
of a tetrahedron cut the opposite trihedrals in equivalent triangles. Express the 
common area of these triangles in terms of the areas of the faces of the tetra- 
hedron. 


SOLUTIONS 
Modified Harmonic Series 
E 824 [1948, 365]. Proposed by E. P. Starke, Rutgers University 


We modify the harmonic series by taking the first term positive, the next 
two negative, the next three positive, etc. Show that this modified series is con- 
vergent. 


I. Solution by R. P. Stephens, University of Georgia. Consider the related 
series 


(1) — 
formed by bracketing terms of one sign without changing order. Then 
Un = 2/(n? —n + 2) + +++ + 2/n(n + 1), 
tings = 2/(n® + m+ 2) + + 2/n(n 3) + 2/(m + 1)(n + 2). 
Therefore 
0 < ty < 2n/(n? — n + 2) 
whence 


lim 4, = 0. 


Also 
Un — Ung > n[2/n(n + 1) — 2/n(n + 3)] — 2/(m + 1)(n + 2) 
= 2/(n + 2)(n + 3) > 0. 
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Thus series (1) converges. 

This implies convergence of the given series. For let S, be any partial sum of 
the given series. Then, for suitable n, Sp= Un+rn, where U, is the sum of n 
terms of (1) and 7, is a partial term of (1). As p>”, m—, and U, approaches 
a limit. Also |r,| <wn4:, which approaches zero. Therefore S, approaches a limit 
and the given series converges. 


II. Solution by Fritz Herzog, Michigan State College. The statement of the 
problem can be generalized as follows: 


Let 0=a)<a,<a,< +--+ bea given sequence of integers. Form the series 
(1) (—1)"/k, 
k=l 


where is determined uniquely for each k by the inequality 
a, < k 
Then the series (1) converges if and only if 
(2) (—1)" log (@n41/@n) 
n=1 


converges 
Proof. Let +++ +1/adny:. Obviously, (1) con- 
verges if and only if 


(3) 
converges. Comparing A, with the integral of 1/x, we obtain easily 
(4) log [(dn41 + 1)/(dn + 1)] < An < log (an41/dn), n2 1. 
Since log (1+#) <¢ for we have 
log — log [(dn41 + 1)/(dn + 1)] = log [1 + — + 1) 
< — Gn) /OnOn41 


and hence, by (4), 
(5) | (—1)* log (@n41/an) — (—1)"An| < 1/an — 


Since }>,(1/a,—1/an41) converges we conclude from (5) that the series (2) 
and (3) either both converge or both diverge. This completes the proof. 

The statement proved above implies that (1) certainly converges if @n41/dn is 
non-increasing for large m and lim (@n41/d,) =1. This sufficient condition is satis- 
fied in the proposed problem, in which a,=n(n+1)/2 and hence @n4i/dn 


=(n+2)/n. 
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Also solved by Michael Aissen, F. Bagemihl, Barney Bissinger, R. C. Buck, 
L. J. Burton, Ragnar Dybvik, B. F. Hadnot, Harry Hochstadt, M. S. Klamkin, 
Roger Lessard, W. G. McGravock, Norman Miller, Leo Moser, C. S. Ogilvy, 
F. D. Parker, S. T. Parker, Arthur Rosenthal, R. V. Andree’s engineering cal- 
culus class at the University of Wisconsin, and the proposer. 


Editorial Note. Most solvers, after showing the convergence of the related 
. series (1) of solution I above, failed to show that this implies convergence of 
the given series. A general theorem useful here is the supplementary theorem 
on p. 133 of Knopp’s Theory and A pplication of Infinite Series. 

Bagemihl and Klamkin located the problem as ex. 8 on p. 391 of Hardy’s 
A Course of Pure Mathematics, 9th ed. 

In addition to Herzog’s result above, generalizations of the given problem 
were furnished by Buck and Miller. Buck used a general convergence criterion, 
based on Abel’s partial summation, similar to the theorem on p. 314 of Knopp. 
Miller showed convergence of the harmonic series when modified by taking the 
first a terms positive, the next a+d terms negative, the next a+2d terms posi- 
tive, etc. It is readily shown that this is a special case of Herzog’s generalization. 

It is easy to show that if the successive terms of the harmonic series are 
grouped into sets of 2* terms, k=0, 1, - - - , and the signs of the groups alter- 
nated, then the modified series diverges. 


Ellipse and Sine Curve 
E 826 [1948, 427]. Proposed by C. S. Ogilvy, Trinity College 


Find the equation of the ellipse with foci at (—1, 0) and (1, 0) and with 
semi-perimeter equal to the length of one arch of the sine curve, y=sin x. 

I. Solution by Robert Buschman, Reed College. The semi-perimeter, S, of 
the ellipse 


x = acost, y = bsint 
§=2 f (a? sin? ¢ + b? cos? ¢)"/2d¢. 
0 
If a?=1+5?, then 


S= 2f (b? + sin? 
0 


The length, L, of one arch of the sine curve is 


L= 2f (1 + cos? x)'/*dx = 2f (1 + sin? x)!/*dx. 
0 0 


Since (v+sin? u)'/? is an increasing function of v, S=L if and only if 6?=1. 
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Hence the required equation is . 
x? + 2y? = 2. 


II. Solution by Leo Moser, University of Maniipba. The ellipse of intersec- 
tion of the cylinder x?+y?=1 and the plane x =z would have, if properly placed 
in the xy-plane, the equation x?+2y?=2, and foci at (—1, 0) and (1, 0). On the 
other hand, it is easy to show that if the cylinder is unrolled into a plane, the 
intersection becomes one period of the sine curve. Hence x?+2y?=2 is the re- 
quired equation. 

Also solved by R. V. Andree, L. J. Burton, A. S. Day, M. B. Haslam, M. S. 
Klamkin, Roger Lessard, D. C. B. Marsh, Jr., B. E. Meserve, L. A. Ringenberg, 
Alex Rosenberg, P. D. Thomas, Alan Wayne, and the proposer. 

Lessard pointed out that this problem appears as No. 1060 in Intermédiaire 
des Recherches Mathématiques, Jan. 1948. 

Thomas also showed that the ellipse with semi-minor axis b and with 
perimeter equal to that of the four-leaved rose p=b sin 20 has its major axis 
twice its minor axis. 


Reciprocals 
E 827 [1948, 427]. Proposed by Leo Moser, University of Manitoba 


Show that the reciprocal of every integer greater than 1 is the sum of a finite 
number of consecutive terms of the infinite series 


> 1/j(j + 1). 

Solution by Michael Aissen, Stanford University. Since 
(1) 1/j(j + 1) = 1/7 — 1/(7 + 1) 
we see that 

b-1 
(2) + 1) = 1/a 1/6. 
i=a 


Thus the problem is equivalent to that of finding positive integers a, b such that 
(3) 1/a — 1/b = 1/m 


for fixed integer m>1. From (1) it is obvious that a solution is 


a=m-—1, b = m(m — 1). 
Therefore, if m>1, 
m(m—1)—1 
(4) i/m= +1), 
m-1 


and the theorem is proved. 
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It is not difficult to determine the number of distinct representations of 1/m 
in the form (3). We have: 

If m>1 and H(m) denotes the number of distinct positive integral solutions of 
(3), then 


H(m) = 3{d(m*) — 1}, 


where d(n) as usual indicates the number of divisors of n. 
Since 1/a>1/m, we have a<m. Let a=m-—c. Substituting in (3) and solv- 
ing for b we obtain 


b = m?/c — m. 
For each value of ¢ satisfying 
c|m? and 1S¢<m 


there is one and only one pair of values a, 6 which satisfy (3). Also, since a<6, 
it is clear that none of these are duplicates. Now consider all of the d(m?)—1 
divisors, not equal to m, of m?*. If c is one of them, one and only one of the pair 
c, m?/c is less than m. Therefore 


H(m) = 3{d(m*) — 1}. 


This result also furnishes an algorithm for determining each of the possible 
expressions of the form (3) for a given m. We have 

Procedure: (a) List all divisors of m? which are less than m. Let c be such a 
divisor. (b) Choose a and b as a=m—c, b=m?/c—m. (c) Then 1/a—1/b=1/m. 

In particular, if m is a prime, we see that H(m) =1, and in this case (4) gives 
the only solution to the given problem. 

As another example suppose m= pq, p<q, p and q primes. Then d(m?) =9 
and H(m) =4. We have 


a b 

1 pq —1 — 1) 
p — 1) pq(q — 1) 
q q(p — 1) p4(p — 1) 


Also solved by F. W. Ballantine, Murray Barbour, A. W. Boldyreff, J. C. 
Brixey, D. H. Browne, L. J. Burton, P. L. Chessin, A. S. Day, Roy Dubisch, 
Daniel Finkel, W. Fulks, H. M. Gehman, M. S. Klamkin, H. D. Larsen, Roger 
Lessard, Julius Lieblein, D. C. B. Marsh, Jr., B. E. Meserve, F. L. Miksa, 
F. D. Parker, L. A. Ringenberg, Joseph Rosenbaum, Alex Rosenberg, C. M. 
Sandwick, B. D. Smith, W. R. Talbot, P. D. Thomas, C. W. Trigg, E. W. Trost, 
W. R. Van Voorhis, and the proposer. 

Rosenbaum also found the number of distinct solutions to the problem. As 
allied material he remarked that the reciprocal of every integer of the form 
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2(m*?+m-+1) is the sum of a finite number of consecutive terms of the series 
1/45 + 1G + 2), 
j=l 
and that 
1/j(j + 1G + 2)G + 3) + 1/G + 2)G + 3)G + 4) 


is always the reciprocal of an integer. 


Editorial Note. It is easy to show that the shortest sequence for the given 
problem is obtained by choosing the maximum allowable c in the above pro- 
cedure. 


ADVANCED PROBLEMS AND SOLUTIONS 
EpiTep By E. P. StarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4341. Proposed by D. H. Browne, Buffalo, New York 


The sequence {a} =3, 7, 47, 2207, 4870847, - - - , used for the determination 
of primality of the Mersenne numbers, is usually defined by 


2 
= An — 


Show that it may also be defined by 
ay = 
where the f’s are the Fibonacci numbers, 1, 1, 2, 3, 5, 8,---. 
4342. Proposed by R. J. Walker, Cornell University 


A spherical planet whose density at any point P is a function only of the 
distance of P from the center of the planet has the following property. If a 
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straight frictionless tunnel is bored between two points of the planet’s surface 
the time required for an object to slide from one of these points to the other is 
independent of the positions of the points. Prove that the planet has constant 
density. 


4343. Proposed by C. D. Olds, San Jose State College, California 


Find an approximation to (x?+y?)"? by a linear function ax+ fy where 
ax Sy Sbx, and 0Sa3Sb, such that the absolute value of the relative error 


[(x? + — (ax + By) ]/(x* + 
shall be as small as possible. 
4344. Proposed by Victor Thébault, Tennie, Sarthe, France 


(1) If, in a triangle, one of the angles is 120° (or 60°), two of the Feuerbach 
points are diametrically opposite on the nine point circle, and conversely. (2) If 
the triangle is scalene and if the circle through the feet of the interior bisectors 
(or one interior and two exterior bisectors) passes through one of the vertices, 
three of the Feuerbach points form an isosceles triangle, and conversely. 


' 4345. Proposed by Irving Kaplansky, Institute for Advanced Study 


An element x in a ring is said to be right quasi-regular if there exists an ele- 
ment y with x+y+xy=0. It is evident that in a division ring, every element 
except —1 is right quasi-regular. Prove the converse: if every element in a 
ring A is right quasi-regular, with exactly one exception, then A is a division 
ring. 

SOLUTIONS 
Triangles Inscribed in a Triangle 
4260 [1947, 418]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a triangle ABC inscribe two triangles A,B,C, and A2B2C: whose sides are 
parallel to the medians. Show that (1) the triangles ABC, A:B,Ci, A2B2C2 have 
the same centroid and the same Brocard angle; (2) the triangles A1B,C;, A2BeC2 
are inscribed in an ellipse concentric and homothetic to the inscribed Steiner 
ellipse, the ratio of homothety being 1/\/3. 


Solution by Ou Li, Yenching University, Petping, China. We prove the 
generalization: In a triangle ABC inscribe two triangles A,B,C, and A2BeC2 
whose vertices divide the sides in the ratio \:u and uw: respectively, where ~ 
\# +0. The conclusions of the proposed problem still hold save that the 
ratio of homothety is (A7—Aw+y?*)!/2/(A+y). (For the Proposer’s problem we 
have A:u=1:2.) 

For (1), proofs have been given in R. A. Johnson, Modern Geometry, arts. 
276 and 476. 

For (2), we use areal codérdinates with ABC as the triangle of reference. 
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The coérdinates of A;, B;, C; (¢=1, 2) are easily found to be (r, s, ¢) where 7, s, t 
are distinct permutations of 0, A, wu. Evidently all six points lie on the ellipse 
whose areal equation is 


Si = Au(x? + y? + 2?) — (A? + w?) (ys + 2x + xy) = 0. 
Moreover we have the equation of the Steiner ellipse* 
Se = ye + xy = 0. 
Thus 
Si = — (A+ + — (A + — 


where u=x+y+2z. Hence Si, S; are homothetic and concentric with the centroid 
G as their homothetic center.f To find the ratio of homothety, H, let S, divide 
the line joining G to A in ratio m:n. We have 


(A? — Aw + uw?) t (A+ 0? — Aw + 


m 
nN 


+n 


When A:y=1:2, then H=1/V/3. 

We note that as the ratio \:u varies, the equation S; represents a system of 
homothetic and concentric ellipses with the centroid G as their homothetic 
center. Since the ratio \:u and w:A are simultaneously treated in our solution, 
we need only consider the ratio \:u in the interval (—1, 1). Limiting cases 
arise (i) when A:u=1, giving the maximum inscribed ellipse;{ (ii) when A=0, 
giving the minimum circumscribed ellipse (Steiner ellipse); and (iii) when 
A\:“=—1, giving the line at infinity. It is also of interest that for real values of 
\ and yu, the system of ellipses fills the plane except for the interior of the maxi- 
mum inscribed ellipse. 

Also solved by L. M. Kelly and R. Goormaghtigh. 


Rectifiable Plane Curves 
4262 [1947, 418]. Proposed by L. A. Santalé, Rosario, Argentina 


Let C be a rectifiable plane curve of length L, contained within a given circle 
of radius R. Prove that there is a circle of radius p= R which cuts C in m points. 
where 


H 


n= L/rR. 


mmerville, Analytical Conics, London, 1924, p. 191. 
. Y. Sommerville, loc. cit., p. 205. 
. Y. Sommerville, loc. cit., p. 181. 
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In particular there is a line which cuts C in m points, where m satisfies (1). If p 
<R, the inequality (1) must be replaced by 
a(R + p)? 
See L. A. Santalé6, A theorem and an inequality referring to rectifiable curves, 
‘ American Journal of Mathematics, 1941, p. 635. 
Solution by the Proposer. Let (x, y) be the codrdinates of the variable center 
of a circle of constant radius p. Let N= N(x, y) be the number of common points 


of this circle and the curve C for each position of (x, y). Then the Proposer has 
shown, in the paper already cited, that the following integral formula holds; 


(2) n 


f Ndxdy = 4Lp. 


On the other hand, if p2R, the area covered by the points (x, y) which are cen- 
ters of circles of radius p and which cut the given circle of radius R, has the 
value 


w(p + R)*? — — R)? = 44 Rp. 


Consequently the mean value of N is 


As the mean value of a function is not greater than its maximum value, the in- 
equality (1) is established. 

If p<R, the area covered by the centers (x, y) of circles of radius p which cut 
the given circle of radius R or are contained in its interior is r(o+R)?. Conse- 
quently WN =4Lp/7(p+R)? and inequality (2) holds. 


The Continuum Hypothesis 


4263 [1947, 419]. Proposed by Howard Eves, Oregon State College, and Paul 
Halmos, Syracuse University 


Criticize the following alleged proof of the continuum hypothesis. 
Let X be the set of all infinite sequences of 0’s and 1’s, and let E be an 
arbitrary uncountable subset of X. Corresponding to any finite sequence, 
eae ax}, of 0’s and 1’s, write E(a;, - - - , ax) for the set of all sequences 
xn} which belong to E and begin with ax}. Since E=E(0)+£(1), 
at least one of the two sets E(0) and E(1) is uncountable; write a,;=0 or 1 ac- 
cording as E(0) is or is not uncountable. Then, in either case, E(a;) is uncounta- 
ble. If a; has already been defined for i=1,---, k, so that E(a,- +--+, ax) is 
uncountable, then write a.4:=0 or 1 according as E(a, - - - , ax, 0) is or is not 
uncountable. The resulting infinite sequence a3, ° °° } has the property 


| 
| 
Jf{Ndxdy L 
yf N => = > 
Jfdxdy 
l, 
Ss 
) 
n 
f 
= 
> 
4 


272 ADVANCED PROBLEMS AND SOLUTIONS [April, 


that for any value of k, it is true that E(a, - - - , a%) is uncountable. Write E* 
for the union of all E(a, - ++, ax), for k=1, 2, 3, - - + ; then E* is a subset (in 
fact an uncountable subset) of E. 

For certain positive integers k it is true that both E(aq,---~-, ax, 0) and 
E(a, +--+, a, 1) are uncountable; in fact this must happen for an infinite 
number of k’s. (Otherwise, for a sufficiently large k, E(ai, - - - , ax) would not be 
uncountable, contrary to its construction.) Let ki, ke, ks, - ++ be the integers 
for which this is true, and write, for any Xo, °° } in E*, then 
{y1, Ya Yao: } is an infinite sequence of 0’s and 1’s. From the way in which 
the k, are defined it follows that every possible sequence of 0’s and 1’s occurs 
as a y sequence, and that consequently the sequences {x1, x2, %3, ** } in E* 
correspond (in possibly a many to one manner) to a set (viz. the set of all y 
sequences) having the power of the continuum c. It follows that the cardinal 
number of E* (and hence of £) cannot be less than c. In other words it has been 
proved that every uncountable subset of a set of power c also has power c. 


I. Solution by J. W. Gaddum, University of Missouri. The assertion, “From 
the way in which the k, are defined it follows that every possible sequence of 
0’s and 1’s occurs as a y sequence, - - - ” is incorrect, as the following counter 
example shows. 

Let E be the set of all sequences of X whose second and third terms are not 
both 1. Then 

=a,=--- =0, 


k, =n, (n =1,2,-+-), Yn = 


E* = E(0). 
For a y sequence of the form (1, 1, ys, y4, - - - ) to occur, there would have to be 
an x sequence of the form (0, 1, 1, x4, x5, :- + ) in E*. This is not the case and 


hence not every possible sequence of 0’s and 1’s occurs as a y sequence. 


II. Solution by Fritz Herzog, Michigan State College. It is not necessarily true 
that the set of all y sequences contains every possible sequence of 0’s and 1’s. 
Let F(bi, be, - + +, bm) denote the set of all those y sequences that begin with 
by, be,  - + , bm. Then the construction of the y sequences guarantees merely that 
both F(di, b,,0) and F(h, bs, 1) are uncountable provided 
that b,=a., for n=1, 2,-+-+, 7; but it leaves the possibility open that, if 
b, ¥ax,, for at least one of these values of m, one or even both of the two above 
sets is denumerable or less. 

It is, in fact, possible to exhibit an uncountable set E for which the set of all 
y sequences is denumerable. Let E,, for any prime , consist of all sequences 
{xn} of 0’s and 1’s such that x,=1; x2p, X3p, Xap, =O, or 1 (independently); 
x, =0 when (mod p). Let E be the union of all E,, p=2, 3,5, 7,---. 

In the first place, the sets E(0, 0, - - - , 0) are all uncountable; hence a; =d2 
=0 and E*=E(0)=E. Secondly the sets E(ai, ax, 1) 
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= E(0,0, - - - , 0, 1) are uncountable or empty, according as k+1 is prime or not. 
Consequently, kn=p,—1 for all m, where p, denotes the mth prime. Thus 
Yn=Xp, and it is clear from the definition of E that, for any sequence {x,} be- 
longing to E* = E, the corresponding y sequence (viz., the sequence {xy, 1) con- 
tains exactly one 1: Hence the set of all y sequences is denumerably infinite. 
Also solved by J. Barlaz, William Gustin, and the Proposers. 
Upper Bound for a Definite Integral 


4264 [1947, 479]. Proposed by G. Polya, Stanford University 


Given a>0, b>0, and given that f(x) is a non-linear function such that 
f(0) =0, f(a) =6 and that 


20, 


give an analytic proof that 
0 


(The inequality becomes intuitive when both sides are interpreted as areas of 
curved surfaces.) 


Solution by N. J. Fine, University of Pennsylvania. Define 
F(x) = f(x){a* + 
G(x) = 2f(x){1 + 
A(x) = + [f(x)]*} { — 
It is easily verified that 
A(x) = af’(x)}? + 2f(x){2[f(x)]? + {af’(x)} 
— [f(x) + 4[f(2) 


Clearly f’(x) is non-negative and non-decreasing in the given interval. Hence 
for all x in (0, a) 


sa) = pode s max = af"), 
0 OStSx 
and the inequality must hold in some sub-interval. It follows that A(x) 20. 


Since F’(x) is positive, this implies that F’(x) =G(x), and again the inequality 
holds in some interval. Integrating, 


F(a) > 
0 


and the theorem is proved. 
Also solved by J. F. Locke and the Proposer. 
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RECENT PUBLICATIONS 


EpiTeEp By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 W. 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Fundamentals of Statistics. By J. B. Scarborough and R. W. Wagner. Boston, 
Ginn and Company, 1948. 7+145 pages. $2.40. 


The book under review was originally designed for a brief course in statistics 
at the United States Naval Academy. While this project has had to be deferred, 
the authors felt that their work might be useful to others. This will certainly be 
so. To quote from the preface, “It is intended for students who have completed 
the usual courses in mathematics through elementary calculus, and it should 
meet the needs of those desiring a relatively brief but fairly rigorous treatment of 
statistical methods.” By “relatively brief” they mean approximately twenty 
lessons. 

About half of the text is descriptive (i.e., non-probabilistic) statistics. The 
student is shown how to present data in tables and charts; to compute averages, 
measures of dispersion, “shape coefficients” (third and fourth moments) and 
formulas of two-dimensional regression analysis. Most of this is done briefly 
and clearly, though the student might wonder just why certain quantities are 
important. The purity of the descriptive approach is somewhat adulterated in 
Chapter V, “Correlation.” One reads (page 38): “Simple correlation ...%s a 
mutual variation between two variables which is not accidental.” This apparent 
promise of stochastic developments is followed instead by straight analytic 
geometry—the least-squares fitting of a line to a finite set of points in the plane. 
The equations and formulas are properly derived; there is the proper final warn- 
ing against identification of “correlation” with “casuality,” but the gap between 
“non-accidental variation” and “least squares” remains unbridged. 

Chapter VI, “Probability Functions,” opens with brief discussions of discrete 
and continuous random variables and of mathematical expectation. It closes 
with Tchebycheff’s elegant proof of the Bernoulli theorem. Chapter VII, “The 
Normal Curve and a Generalization,” contains a difference-to differential-equa- 
tion derivation of the Gaussian frequency function as the limit of the binomial; 
the generalization is the Gram-Charlier Type A series (or, rather, its first five 
terms). A special case of the central limit theorem is stated. Chapter VIII, 
“Sampling,” is limited to large-sample theory. Some of the current words and 
phrases are to be found here, but even “parameter” and “statistic” are defined 
only in a footnote. 

There are three appendices. The first is on elementary probability, and might 
be reviewed before Chapter VI is begun. The second contains tables of the 
normal frequency function, its integral, and its second, third and fourth deriva- 
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tives. The third is a short list of books on statistics and probability. 

A beginning statistical text as brief as this one poses difficult questions in the 
choice of topics. For the authors’ original purpose, their selection would seem 
to be a good one. For students of experimental science, the omission of small- 
sample theory is serious; fortunately, the authors do not leave the impression 
that pre-1908 methods constitute the final word. Those whose interest lies 
more in questions of inference than in techniques for displaying and summarizing 
data could wish for more probability, sooner, so that difficulties of motivation 
and of justification might have been put on a different level. 

Only one misprint was noticed (on page 103, line below equation (8.9), 
“page 72” should read “ page 78”). Format and cover are pleasing. 

A. T. LONSETH 


The Royal Society Newton Tercentenary Celebrations. Cambridge, at the Univer- 
sity Press; New York, The Macmillan Company, 1947. 16+92 pages. Six 
Plates. $3.00. 


This magnificent volume is the record of the international celebrations 
sponsored by the Royal Society of London on July 15-19, 1946, in honor of the 
three hundredth anniversary of Newton’s birth, the war having prevented an 
international gathering of distinguished scholars for this occasion in 1942. The 
Royal Society extended invitations to the National Academies of all countries 
to send delegates for participation in the celebrations; thirty-three nations, the 
Vatican, and the British Colonies were represented by the 118 official delegates 
who succeeded in attending personally. — 

Printed in this volume are the eight invited lectures, which were delivered 
at the Royal Institution, and two official addresses of welcome, all in English. 
These are: “Newton,” by E. N. da C. Andrade; “Newton, the Man,” by Lord 
Keynes; “Newton and the Infinitesimal Calculus,” by J. Hadamard; “Newton 
and the Atomic Theory,” by S. I. Vavilov; “Newton’s Principles and Modern 
Atomic Mechanics,” by N. Bohr; “Newton: the Algebraist and Geometer,” 
by H. W. Turnbull; “Newton’s Contributions to Observational Astronomy,” by 
W. S. Adams; “Newton and Fluid Mechanics,” by J. C. Hunsaker; and the 
Addresses of Welcome by Sir Robert Robinson, President of the Royal Society, 
and by Dr. G. M. Trevelyan, Master of Trinity College. 

In addition to these ten interesting and instructive papers there are six 
excellently reproduced plate illustrations: three portraits of Newton by C. Jervas 
(1703), G. Kneller (1689), and J. Vanderbank (1725); the northeast corner of 
D. Loggan’s print of Trinity College showing Newton’s rooms; H. Fletcher's 
sketch of Woolsthorpe Manor; and a holograph letter from Newton in Kensing- 
ton to Halley dated “March 1st, 1724/5.” 

This volume will take its place alongside the 1927 British Mathematical 
Association’s Memorial Volume Isaac Newton, edited by W. J. Greenstreet 
(G. Bell and Sons, London, 1927). (The latter book is referred to below by the 
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letters B.M.A.). The present volume is a colorfully bound, beautifully printed 
volume of large format. 

In view of the wide interest in this subject, certain supplementary and criti- 
cal remarks regarding individual items in this book may be permitted here. We 
refer below to four of the illustrations alphabetically and to the ten essays 
numerically. 

(a) The frontispiece is the Charles Jervas portrait which Newton himself 
presented to the Royal Society in 1717. It seems to have been heretofore less 
widely known than it deserves. It is, for example, not mentioned by D. E. Smith 
in his list of commonly reproduced portraits of Newton in his B.M.A. essay, 
p. 171. 

(b) The northeast corner of David Loggan’s print of Trinity College is re- 
produced from his meticulously accurate Cantabrigia Illustrata (1688/90). On 
the left is the Great Gate started in 1518 as an isolated and independent struc- 
ture, and on the right is the Chapel which was begun a few years later. The 
chambers between the two were built before the Chapel was finished and there 
Newton lived for many years in the first floor rooms next to the Gate, but for 
how long is not known, although he was there when the Principia was published. 
The wooden stairway which Newton used as a location for his own observatory 
is shown, with the attractive formal garden in the foreground, facing eastward. 
The only description in the present volume of this plate is contained in a short 
paragraph of Lord Keynes’ essay (pp. 29-30). It would have been interesting 
to have had here from Dr. Trevelyan a more elaborate description; but fortu- 
nately he has already done a thing of this kind in an attractive, inexpensive little 
book to which the interested reader may be referred: G. M. Trevelyan, Trinity 
College (An Historical Sketch), Cambridge Univ. Press (Macmillan, N. Y.), 
1943, (Cf. especially pp. 7, 19, 40-41, 48). There is also Professor G. N. Watson’s 
essay bearing on this subject in B.M.A., p. 144. 

(c) Hanslip Fletcher’s sketch of Woolsthorpe Manor may be compared with 
the reproductions of photographs of the house in the B.M.A., opposite p. 45. 
In the latter (p. 141) is a brief description by J. A. Holden of the interior of 
this house, and of the stone tablet which is not decipherable in Fletcher’s sketch. 

(d) Inthe very clearly reproduced holograph letter Newton requests Halley 
to insert in the latter’s table of data for “the comet of 1680” the comet’s dis- 
tances from the Sun, for inclusion by Newton in the second edition of the 
Principia. For Newton’s subsequent use of these data there one may consult 
the “Example” of Book III, Prop. 41. 

(1) At the conclusion of his address of welcome (pp. 1-2) Sir Robert Robin- 
son takes the opportunity to mention the proposed Isaac Newton Observatory. 
This is to contain a 100-inch reflector and is to be located on the grounds of 
the Royal Observatory at its new site at Herstmonceux (Sussex) where the latter 
is being progressively removed from Greenwich after over 270 years. A detailed 
account of the initial recommendations for this research memorial will be found 
in Monthly Notices, Royal Astron. Soc., 107, 11-19, 1947. 
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(2) Professor Andrade contributes (pp. 3-23) an essay on “Newton” which 
surveys the grand achievements of the Opticks and Principia in particular, 
with appropriate reference to Newton’s other work, together with relevant 
historical and biographical facts. This essay presents a comprehensive general 
survey of Newton’s life and accomplishments, and Professor Andrade has suc- 
ceeded admirably in a difficult undertaking. However on p. 15 the author in 
speaking of Newton’s “wonderful skill as an experimenter” makes a statement 
which is unfortunately worded: “As a comparatively small matter I may cite 
his proof that gravitational mass and inertial mass are the same, a trifle which 
is often overlooked.” Relative only to the galaxy of Newton’s brilliant achieve- 
ments, as Professor Andrade doubtless means to imply, can this matter be re- 
garded as “comparatively small” or “a trifle... often overlooked,” and as 
should be clear from the context it involved no “proof.” Newton’s discerning 
pendulum experiments answering the fundamental question of the approximate 
equality of gravitational and inertial mass, within allowable errors of observa- 
tion, were extended, in later pre-relativity days, to a refined relative accuracy 
of the order 10-* by Bessel, Eétvés, Zeeman, and others. Crudely, the experi- 
ment is continually repeated in the innumerable gross every day work of the 
engineer whenever he replaces Newton’s “quantity of matter” (inertial mass) 
by the engineer’s “W/g” and comes out safely. W. de Sitter called the result 
“one of the best ascertained empirical facts in physics—perhaps the best.” 
(Univ. of Calif. Publ. in Math., 2, 143, 1933). 

(3) In order to round out the picture of the shape of things at Trinity College 
during Newton’s time, some readers may wish to supplement the brief remarks 
by Dr. G. M. Trevelyan in his address of welcome (pp. 24-6) with Chapters 5 
and 6 of his Trinity College, to which we have referred above. 

(4) The paper “Newton, the Man” (pp. 27-34) by the late John Maynard, 
Lord Keynes, was read posthumously at these celebrations, and according to 
the editor’s prefatory note “must be regarded as unfinished.” When Newton 
departed from Cambridge for London he took with him a great mass of manu- 
script which he never published nor destroyed. In 1888 the mathematical por- 
tion of these “Portsmouth Papers” came into the possession of the Cambridge 
University library. In 1936 the rest were dispersed at public auction and 
Keynes “managed gradually to reassemble about half of them, including nearly 
the whole of the biographical portion, that is, the ‘Conduitt Papers,’ in order to 
bring them to Cambridge . . . .” Besides the mathematical parts, and the bio- 
graphical “Conduitt” section, the Portsmouth Papers appear to be largely con- 
cerned with theological questions, commentaries on apocalyptic writings, al- 
chemical matters . . . Keynes gives no quotations from “these queer collections” 
nor indeed anything essentially new, but on the other hand he is not hesitant 
with broad estimates of the implications of these manuscripts. It is to be re- 
gretted that Keynes was denied opportunity to verify his impressions. 

In the essays of both Andrade (p. 5) and Keynes (pp. 28-9) reference is 
made to the fundamental problem of the “central” attraction of the solid sphere, 
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which Newton does not seem to have resolved until as late as 1685. Keynes’ 
reference suggested Professor J. E. Littlewood’s recent article on this subject in 
Math. Gaz., 32, 179, 1948. 

(5) In his essay “Newton and the Infinitesimal Calculus” (pp. 35-42) Pro- 
fessor Hadamard has given an interesting account of the differences in approach, 
comprehension, and explicit enunciation of the essential problems of the cal- 
culus which distinguished Newton’s work. According to Hadamard, Newton 
possessed a realizable appreciation of the Heraclitian philosophy, ignored by 
antiquity and the Middle Ages, that “ ... you cannot understand the state of 
being if you do not watch . . . ‘le devenir,’ that is, the continuous change which 
constantly occurs in that state.” This consideration of a problem in its “devenir” 
is carefully examined with respect to the development of both the differential 
and integral calculus. And here too in the midst of the “marvelous sagacity” of 
the pioneers in these developments Hadamard finds again how “It rather com- 
monly happens that one overlooks a most striking result when one has just 
found it in a scarcely different form,” a matter of importance which Hadamard 
examined at greater length in his well-known book on The Psychology of Inven- 
tion in the Mathematical Field (Princeton Univ. Press, 1945). 

(6) The essay “Newton and the Atomic Theory” by Academician S. I. 
Vavilov (pp. 43-55) is a carefully written and meticulously referenced study, 
with particular attention to Newton’s Lectiones Opticae, Opticks and synoptic 
memoir De Natura Acidorum. With regard to this last, Vavilov adds an appendix 
to his essay pointing out the liberties which Harris took in the English transla- 
tion of the original memoir which he himself first published in 1710. Vavilov 
finds “sufficient grounds to believe that Newton had a good idea of the com- 
plexity of the chemical atom and even conjectured the existence of a tiny, ex- 
ceedingly stable atomic nucleus,” being in this sense “a predecessor of Ruther- 
ford.” Moreover the author comes “to the conviction that Newton had con- 
jectured everything in the atomic field that could possibly be conjectured at 
the time, on the basis of the experimental material evidence then available. 
Not even in one of his fundamental points was he mistaken . . . .” The evidence 
which Vavilov lays before the reader in substantiation of these claims is quite 
convincing. 

(7) Ina brief but closely written essay on “Newton’s Principles and Modern 
Atomic Physics” (pp. 56-61) Professor Niels Bohr seeks to convey “an impres- 
sion of the living inspiration which Newton’s work still exerts on all endeavors 
aiming at the progress of science in its widest sense.” For one thing, treating 
the broad epistemological questions involved, he is led to comment (p. 60) that 
“Especially in the study of psychical experience we are confronted with an 
observational problem which exhibits a deep analogy with that in atomic 
physics .... More concretely speaking, the use of words like ‘thoughts’ and 
‘emotions’ exhibits striking analogy to the complementary application of kine- 
matical and dynamical variables in quantum mechanics... .” His striking 
remarks in this regard will doubtless be of great interest to psychologists, 
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physicists, and the cyberneticists. 

(8) Professor H. W. Turnbull’s essay (pp. 62-72) on “Newton: The Alge- 
braist and Geometer” presents a series of snapshots of some of Newton’s alge- 
braic interests and results, with a glance, in the direction of geometry, at the 
Enumeratio Linearum Tertium Ordinis and the projective transformation re- 
garding conics contained in Lemma 22, Book I, of the Principia. Professor Turn- 
bull refers in most detail to Newton’s work on the harmonic, binomial, and 
‘angular section series, and to “the master theorem” of interpolation theory. 
With regard to the latter Professor Turnbull cites D. C. Fraser’s important 
discovery in the Portsmouth Papers of two sheets of foolscap indirectly labeled 
Regula Differentiarum, which explains the ideas behind Newton’s typically 
vague contemporary (1676) letter to Oldenburg. With reference to this and 
Newton’s other writings on interpolation there is D. C. Fraser’s own valuable 
essay in the B.M.A., page 45. Professor Turnbull also cites and illustrates 
Newton’s rule of signs for the possible number of complex roots of an algebraic 
equation, which was, in Sylvester’s words, “so long the wonder and opprobrium 
of algebraists” (Math. Papers, 2, 493). It may be recalled that Sylvester’s syl- 
labus of his 1865 lectures on this subject was the very first paper to appear in 
the newly founded Proc. London Math. Soc. (cf., Math. Papers, 2, 498). 

(9) Dr. W. S. Adams devotes his essay (pp. 73-81) to “Newton’s Contribu- 
tions to Observational Astronomy,” with reference to “the recognition and ex- 
planation of the spectrum, and the invention of the reflecting telescope.” In 
particular the author writes of some of the exciting problems of interstellar 
matter, its composition, density and distribution. These modern astrophysical 
studies had their origin in Huggins’ paper read before the Royal Society in 1864 
on the discovery of emission lines in the spectra of certain luminous diffuse 
galactic nebulae, and also, particularly, in Hartmann’s discovery in 1904 of the 
“detached” H and K lines of ionized calcium in the spectroscopic binary 6 
Orionis. Many of the recent discoveries and identifications of interstellar lines 
of atomic and molecular origin have been possible as a result of Dr. Adams’ own 
observations. In regard to these matters, with their great cosmogonic import, 
the reader may wish to consult the excellent report by C. S. Beals in Monthly 
Notices, R. A. S., 102, 96, 1942 and the report of the recent Harvard sym- 
posium on the subject published in Centennial Symposia, Harvard Obs. Mon., 
No. 7 (Cambridge, Mass., 1948), both of which contain extensive bibliographies. 

(10) Professor J. C. Hunsaker’s essay (pp. 82-90) on “Newton and Fluid 
Mechanics” refers to Newton’s contributions to fluid mechanics and gives an 
instructive summary of the accomplishments of present day aerodynamical the- 
ory, experiment, and airfoil design for subsonic flow. The “pedigree of the low- 
drag wing” is traced in detail, starting with Newton and culminating in the now 
complete analysis of the subsonic aspects of the problem. The transonic and 
supersonic problems, which are in need of mathematical resolution, remain a 
challenge. 

S. G. HACKER 
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Rinehart Mathematical Tables. By H. D. Larsen. New York, Rinehart and Co., 
1948. 8+264 pages. $1.50. 


This set of tables which is to serve as a handbook for mathematics students 
and for other computers in engineering, physics and allied fields, meets the de- 
mands and requirements for such work in more than satisfactory fashion. 

The well designed handbook is divided into two separate sections. Part I 
consists of twenty-seven different tables. As the result of an extensive survey not 
only are all the usual tables present, but also several new tables appear for the 
first time in any such handbook. For example, those in actuarial work have ac- 
cess to two new ordinary mortality tables, and for those working in the field of 
statistics a table of values for F and t¢ is given, and a x? probability scale appears. 
In order to guarantee accuracy the page proofs of all the tables were checked 
independently against three sources. 

Part II is made up of worthwhile miscellaneous material, formulas from the 
different branches of mathematics, a rather complete, alphabetically ordered, 
collection of the standard curves (with their graphs) met in elementary mathe- 
matics, forty-three formulas for differentiation, a list of four hundred and thirty 
indefinite integrals, sixty-three definite integrals, and fifty-two different series. 

The compiler states in his preface that there are two main requirements for a 
satisfactory set of tables, namely, accuracy and an attractive format. The re- 
viewer feels that the author has taken special care to present as accurate a table 
as possible, and that the publisher has produced a pleasing design and appear- 
ance. The total result is a handbook which will be more than well received by 
students, teachers and computers alike. 

E. P. VANCE 


Basic Mathematics: A Workbook. By M. W. Keller and J. H. Zant. Boston, 
Houghton Mifflin Co., 1948. 4+253 pages. $1.50. 


This is a combined text and workbook covering the elementary principles of 
arithmetic, algebra, some geometry, and numerical trigonometry. A suitable 
diagnostic test is placed at the beginning of each of the three main topics of the 
book. At appropriate intervals the student encounters comprehensive tests 
which measure his progress. Each page can easily be torn out so as to be graded 
or marked as the instructor desires. The arrangement of the book is such that it 
can profitably be used however, without the aid of an instructor. 

The arithmetic section includes a study of whole numbers and fractions, de- 
nominate numbers, percentage, square root, and cube root. Among the algebraic 
topics are signed numbers, factoring, linear and simultaneous linear equations, 
fractions and fractional equations, exponents, radicals, quadratic equations, 
proportion, and graphs. The third main division of the book concerns itself with 
logarithms and solution of right and oblique triangles. Four place logarithmic and 
trigonometric tables are available. 


| 
( 
j 
‘ 
} 
di 
the 
{ 
\ 
/ 


1949] RECENT PUBLICATIONS 281 


There is a pronounced need for such a book as this among college students, 
nowadays. 
W. R. HuTCHERSON 


College Algebra. By Gordon Fuller. New York, D. Van Nostrand Co., 1948. 
5+255 pages.$2.85 


This neat little college algebra book accomplishes a sensible review of funda- 


‘mental operations in the first chapter. Freshmen often think that 2-x and 


x-2 are different prime factors. The author’s definition, on page 19, of a prime 
factor as “being expressible as a product only as one times itself, or minus one 
times its negative” is a timely help. 

In Chapter IV (Equations), the identity symbol is used (page 45) when 
discussing the identity. This is a wise move, enabling the equation and the 
identity to really take on new meaning to the reader. 

In Chapter V (Functions), it is pleasing to find the use of the y function of x 
for a list of problems on page 62 instead of the f function of x. This should cause 
students to-sense the meaning of a function quicker. Chapter VIII (Exponents 
and Radicals) makes a genuine effort to enable the student to conquer this 
material which possibly gives more trouble to the average student than any 
other part of college algebra. The example at the bottom of page 95 shows the 
wayward mathematical sinner the usual wrong solution before the correct one 
is illustrated. 

The exhibits on page 112 seem so practical and appropriate that they should 
be found in all discussions on logarithms. Even though (2+4\/11)/3 looks in- 
volved, yet the student is shown on page 129 that this expression is a root of the 
equation 3x?—4x+5=0. This should increase the faith of the immature seeker 
after mathematical truth. The quadratic graph on page 167 is a timely illus- 
tration for exhibiting the idea of the inequality, of Chapter XIII. The two ex- 
hibits on page 192 for approximating irrational roots are commendable. 

Such a book will find a ready place in the average college or university. Un- 
fortunately, more students need this gradual approach to their first college 
mathematics than was true two decades ago. 

W. R. HUTCHERSON 


NEW BOOKS RECEIVED 


An Introduction'to the Algebra of Vectors and Matrices. By T. L. Wade. Talla- 
hassee, 1949. (Obtainable directly from the author). 6+97 pages, lithoprinted. 
$2.25, plus carriage. 


A Concise History of Mathematics. Vol. 1 and 2. (Dover Series in Mathe- 
matics and Physics). By D. J. Struik. New York, Dover Publications, 1948. 
18+299 pages. $1.50 per volume. 


Elemeniary Statistical Analysis. By S. S. Wilks. Princeton University Press, 
1948. 11+284 pages. $2.50. 
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CLUBS AND ALLIED ACTIVITIES 


By L. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1947-48 
Kappa Mu Epsilon, Chicago Teachers College 


Papers heard by the Illinois Gamma Chapter of Kappa Mu Epsilon were: 

Quadratic curves and applications, by Prof. J. J. Urbancek 

Mathematics and our knowledge of nature, by Dr. Arturo Fallico 

Magic squares, by Miss Edna Boedeker 

Mathematics in business, by R. E. Olson 

History of weights and measures, by Wm. J. Coyne 

Probabilities of winning in gambling, by J. J. Urbancek 

Roots: Budan’s and Sturm’s methods, by J. J. Urbancek 

‘Much ado about nothing,’ by Wm. Coyne and John Kelly. 

In addition to several meetings which were of a social nature, the members 
witnessed four mathematical movies. 

The officers elected are: President, Kathryn Graham; Vice-President, Sam 
Altshuler; Secretary, June Machovec; Treasurer, Ramona Goldblatt; Sponsor, 
Prof. J. J. Urbancek. 


Pi Mu Epsilon, Oklahoma A. and M. College 


The Oklahoma Beta Chapter of Pi Mu Epsilon resumed an active status early 
in 1948. The papers heard during the remainder of the year included: 

Mathematics of genetics, a series of lectures by Dr. Hilda Geiringer of Whea- 
ton College 

Sampling, with application to the Greek plebiscite, by Mr. Carl Marshall, the 
college statistician 

Let Charlie do it, an address emphasizing world peace, by Dr. Clark Dunn, 
Director of the Engineering Experiment Station. 

New pledges prepared and operated the mathematics exhibit in the School 
of Engineering annual Open House. 

Officers elected were: Director, Cole Downing; Vice-Director, E. W. Lewis; 
Secretary-Treasurer, P. C. Gross; Faculty Sponsor, Dr. James Zant. 


Kappa Mu Epsilon, University of New Mexico 


The New Mexico Alpha Chapter of Kappa Mu Epsilon at the University of 
New Mexico began the years activities with an initiation banquet at which 45 
students and faculty members were initiated. During the year the following 
papers were given: 

Recent developments in communication, by Prof. R. E. Allen 

Formulas for the solution of the generalized Pascal triangle, by Prof. H. P. 
Rogers 
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Use of mathematics in high accuracy surveying, by Prof. Marvin May 

Methods of research in modern physics, by Prof. Victor Regener. 

The following officers were elected for 1949: President, Gregory Durand; 
Vice-President, Ross Schmidt; Secretary, Philip Barnhart; Treasurer, Prof. 
H. P. Rogers; Faculty Advisor, Prof. M. S. Hendrickson. 


Mathematics Club, Immaculate Heart College 


The following papers were presented by student members of the club: 

Non-Euclidean geometry, by Sue Toolan 

Trigonometry without angles, by Dolores Barenberg 

The abacus, by Patsy Lang 

Unsolved and unsolvable problems, by Marie Kreuper 

Mathematics of installment buying, by Mary Claire Dominguez 

History and transcendence of Pi, by Sue Toolan 

Prime numbers, by Phyllis Beerling 

Methods of solving the cubic equation and their histories, by Marion Synder. 

Following each paper a period was devoted to mathematical recreations after 
which refreshments were served. 

Officers for 1947-48 were: President, Joan Pfisterer; Vice-President, Mary 
Claire Dominguez; Secretary-Treasurer, Patsy Lang. 


Kappa Mu Epsilon, Southwest Missouri State College 


The Missouri Alpha Chapter of Kappa Mu Epsilon reports the largest num- 
ber of initiates in its history. Student discussions were given on: 

Golden section, by James Check 

Solution and generalization of Problem 3, appearing in Fall issue, 1947, of 
The Pentagon, by Robert Hogan. 

Officers for 1947-48 are: President, Philip Sneed; Vice-President, Dorothy 
House; Secretary, Shirley Mullins; Treasurer, Richard Kay; Corresponding 
Secretary, Prof. Carl Fronabarger. 


Pi Mu Epsilon, University of Alabama 


In addition to a Christmas party and spring picnic, five meetings were held 
at which the following papers were presented: 

The Bailey recursion formula for roots of numbers, by Prof. C. L. Seebeck, Jr. 

The theory of relativity, by Prof. Eric Rodgers 

Generalized trigonometries, by Prof. M. O. Gonzales 

Life of Descartes, by Miss Betty Murphree 

The Bernoulli family, by Robert Whithurst. 

The chapter started the year with 37 members and initiated 44 new members 
during the year. 

The officers for the year 1948-49 are: Director, Robert Whitehurst; Vice- 
director, Ann Lutz; Treasurer, Ferdinand Mitchell; Secretary, Haskell Cohen; 
Publicity chairman, Ella Jones; Librarian, J. D. Mancill; Social chairman, 
Charlotte Evans. 


283 
7 | 
‘ 
Ant 
a 


284 CLUBS AND ALLIED ACTIVITIES [April, 


Mathematics Club, Swarthmore College 


The following topics were discussed during the spring semester: 

A topic in kinematics, by Dr. H. W. Brinkmann 

Differential calculator, by Mr. Garrahan 

Vectors and matrices, by William Lichten 

Tensor analysis, by Louis Howard 

Conditionally convergent series, by Dr. I. J. Schoenberg 

Graphical calculations, by Prof. A. Dresden. 

Other activities included participation in William Lowell Putnam Mathe- 
matics contest and in problem contests. 

New officers are: President, William Lichten; Vice-President, Robert Nor- 
man; Secretary, Elizabeth Urey; Treasurer, Daniel Beshers. 


Mathematics Club, Harvard University 


The following papers were presented before the Harvard Mathematics Club 
during 1947-48: 

An introduction to Hilbert space, by L. J. Burton 

The fundamental group of an algebraic curve, by Prof. Oscar Zariski 

Transfinite numbers, by R. B. Dawson, Jr. 

Topology, by Dr. Paul Olum 

Aesthetic measure, by R. J. Herman 

The generalized functions of Laurent Schwartz, by Prof. G. W. Mackey 

Cofton’s formula, by Prof. Herbert Federer, Brown University 

Godel’s undecidability theorem, by Prof. L. H. Loomis 

The geometry of radio propagation, by W. T. Fishback 

A problem in number theory, by Dr. L. I. Schoenfeld 

Elliptic modular functions, by Harvey Cohn 

The short-cut problem, by Chandler Davis—published in this MonrtHLY, 
March, 1948. 

First and second awards of the Rogers prize, given annually for the best 
papers contributed by students, went to Messrs. Cohn and Davis, respectively. 

Officers for 1948-49 are: President, W. T. Fishback; Vice-president, John 
Wermer; Secretary, W. F. Stinespring; Treasurer, J. J. Newman; and Advisor, 
A. M. Gleason. 


Pi Mu Epsilon, University of Delaware 


The Delaware Alpha Chapter of Pi Mu Epsilon reports a symposium on the 
Mathematical aspects of heat transfer, conducted by Professors R. L. Pigford, 
G. M. Dusinberre and H. E. Goheen. 

Officers for 1948-49 are: Director, G. Cuthbert Webber; President, A. Carl 
Nelson; Secretary, Patricia Spraberry; Treasurer, Ralph Jones; Program Chair- 
man, Gilbert Kaskey; Social Chairman, Harry Smith, 
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NEWS AND NOTICES 


EpitEp By Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


RESEARCH FELLOWSHIPS OF THE NATIONAL BUREAU OF STANDARDS 


The Institute for Numerical Analysis of the National Bureau of Standards, 
located at the University of California, Los Angeles, offers a number of research 
fellowships during the summer of 1949, and the academic year 1949-50, to quali- 
fied graduate students in mathematics and mathematical physics. Fellows must 
be enrolled in an accredited college or university. Research work performed at 
the Institute may be applied toward a thesis for an advanced academic degree. 

Fellows will work at the Institute and will be expected to perform mathe- 
matical research aimed at methods for advancing the applications of high speed 
automatic digital computing machinery. Individual work schedules may be 
arranged. Stipends will be based on full-time annual salaries of $2,294 for mas- 
ter’s degree candidates, and $3,727 for doctoral candidates. 

-Inquiries and requests for application forms should be addressed to the 
Chief, Institute for Numerical Analysis, 405 Hilgard Avenue, Los Angeles 24, 
California. 


CONFERENCE ON THE TEACHING OF MATHEMATICS 


The annual Conference on the Teaching of Mathematics will be held at 
Illinois State Normal University, Normal, April 23, 1949. This conference is 
sponsored by the Department of Mathematics of the University. 

There will be discussion groups centered around the problems of teaching 
mathematics in elementary and secondary schools. Particular attention will be 
given to participation in the Illinois secondary school curriculum program 
sponsored by the Office of the Superintendent of Public Instruction. 

The speaker for the elementary session will be Dr. H. Van Engen, head of 
the Department of Mathematics, Iowa State Teachers College, Cedar Falls. 
Speaker for the secondary session will be Dr. H. P. Fawcett, chairman of the 
Department of Education, Ohio State University, Columbus. 


INSTITUTE FOR TEACHERS OF MATHEMATICS 


An Institute for Teachers of Mathematics, sponsored by the Association of 
Teachers of Mathematics in New England, will be held at Wellesley College, 
Wellesley, Massachusetts, on August 23-30, 1949. The program will include 
lectures on the latest developments in pure mathematics and on the applications 
of mathematics by mathematicians from college faculties, business, research, 
government agencies and industry. There will be discussion groups on methods 
of teaching; also, an organized program of trips and other recreations. 

For details write to: R. F. Ward, Director of Mathematics, Brookline High 
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School, Brookline, Massachusetts; or, H. W. Syer, School of Education, Boston 
University, Boston, Massachusetts. 


RESOLUTIONS OF THE NATIONAL COUNCIL OF THE TEACHERS OF MATHEMATICS 


At the ninth Christmas Conference of the National Council of Teachers of 
Mathematics, which was held in Columbus, Ohio, on December 29-30, 1948, 
Discussion Group IV considered the question: “How can we provide better co- 
ordination between our high school and college mathematics programs?” 

The resolutions adopted by this group should be of interest to all college 
teachers of mathematics. This group recommends: (1) the publication of a guid- 
ance pamphlet on the college level at the earliest possible moment by the Na- 
tional Council of Teachers of Mathematics and the Mathematical Association of 
America; (2) the promotion of contests similar to those sponsored by the Delta 
chapter of Pi Mu Epsilon at Washington Square College of New York Univer- 
sity; (3) the appointment of a joint committee to study the problems of testing, 
guiding, and sectioning entering freshmen and to make recommendations to the 
Mathematical Association of America and the National Council of Teachers of 
Mathematics; (4) the appointment of a joint committee to make detailed rec- 
ommendations concerning the philosophy, content, and extent of courses which 
are to be used to educate prospective teachers of mathematics. 

To implement these recommendations the group suggests that a Workshop 
be instituted to be financed as follows: (A) The Mathematical Association of 
America and the National Council of Teachers of Mathematics each to con- 
tribute $500; (B) a number of teachers colleges, colleges, and universities each 
to contribute the time of one mathematics instructor for a period of 2-3 weeks, 
and $100 towards the expense of the Workshop. 


HEAT TRANSFER AND FLUID MECHANICS INSTITUTE 


The second Annual Meeting of the Heat Transfer and Fluid Mechanics 
Institute will be held June 22-24, 1949 at the University of California, Berkeley. 
The conference will be presented by California engineering colleges and engineer- 
ing and scientific societies. For further information, write: Department of In- 
stitutes, University of California Extension, Berkeley, California. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for 
the summer of 1949: 

Cornell University. July 5 to August 13: Dr. Yood, higher analytic geometry. 

Teachers College, Columbia University. July 5 to August 12: Professor Brad- 
ley, field work in mathematics, applications of mathematics; Professor Clark, 
teaching arithmetic in the elementary school; Professor Fehr, professionalized 
subject matter in advanced secondary school mathematics, current problems in 
teaching secondary school mathematics; Dr. Lazar, logic for teachers of mathe- . 
matics, diagnostic and remedial procedures in arithmetic; Mr. Mirick, teaching 
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algebra in secondary schools; Professor Shuster, business mathematics, teaching 
geometry in secondary schools. In addition, beginning July 7, there will be spe- 
cial lectures and discussions pertaining to the reorganization and teaching of 
mathematics. 

University of Buffalo. May 31 to July 2: Professor Pound, calculus of varia- 
tions. July 5 to August 13: Professor Gehman, foundations of mathematics; 


. Professor Montague, rings and ideals. 


University of Detroit. June 20 to July 29: Professor Mehlenbacher, founda- 
tions and point sets; Professor McCarthy, solid analytic geometry; Professor 
Smith, differential equations, theory of matrices; Reverend Hausmann, theory 
of functions of a real variable. 

University of Minnesota. (College of Science, Literature and the Arts). June 
13 to July 22: Professor Carlson, solid analytic geometry, projective geometry; 
Professor Graves, foundations of calculus, Fourier series and orthogonal func- 
tions; Professor Hatfield, theory of equations, advanced calculus I; Professor 
Loud, differential equations, Laplace transforms. July 25 to August 27: Profes- 
sor Cameron, probability, seminar in integration in function space; Professor 
Gelbaum, special functions, topics in topology; Professor Gibbens, advanced 
calculus II; Professor Nering, Fourier series and orthogonal functions II, non- 
euclidean geometry; Professor Hatfield, intermediate calculus. (Institute of 
Technology) June 13 to July 22: Professor Koehler, advanced calculus; Profes- 
sor Warschawski, vector analysis, mathematical theory of flow. July 25 to 
August 27: Professor Polansky, advanced calculus; Professor Munro, vectors 
and dyadics. 

University of North Carolina. June 9 to July 19. Professor Whyburn, founda- 
tions of geometry; Professor Mackie, theory of equations; Professor Linker, dif- 
ferential equations; Professor Cameron, introduction to modern algebra; ad- 
vanced calculus; Professor Winsor, college geometry. July 20 to August 27: 
Professor Mackie, theory of equations; advanced calculus; Professor Lasley, 
analytic projective geometry; Professor Brauer, elementary theory of numbers; 
Professor Puckett, general topology. 

The Institute of Statistics of The University of North Carolina announces 
a statistics summer session. Intensive statistical instruction will be offered for 
the benefit of (1) students working toward a degree in applied or theoretical 
statistics, (2) those preparing to teach statistics or to develop statistical theory, 
(3) statistical consultants in various. fields, and (4) research scholars in other 
sciences who want a practical working knowledge of statistical theory. The in- 
structional staff consists of the following professors: G. W. Snedecor, for fifteen 
years Director of the Statistical Laboratory at Iowa State College; D. J. Finney, 
Lecturer in the Design and Analysis of Scientific Experiment, University of 
Oxford, England; J. Wolfowitz, Associate Professor, Department of Mathe- 
matical Statistics, Columbia University; and three members of the staff of the 
Institute of Statistics, R. C. Bose, Herbert Robbins, and Gertrude M. Cox. An 
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announcement of the statistics summer session may be secured by writing to 
Director, Institute of Statistics, The University of North Carolina, Box 168, 
Chapel Hill, North Carolina. 

University of Oklahoma. July 10 to August 10: Professor Court, college geom- 
etry; Professor Brixey, mathematical statistics; Professor Hassler, ordinary 
differential equations, fundamental concepts and teaching methods; Dr. Huff, 
ordinary and partial differential equations; Mr. LaFon, advanced calculus; Dr. 
Grau, theory of groups; Professor Springer, partial differential equations; Pro- 
fessor Goffman, integral equations. 

University of Tennessee. June 13 to August 26: theory of equations; differ- 
ential equations and advanced calculus for engineers; elementary theory of num- 
bers; introduction to symbolic logic; ordinary differential equations; higher 
algebra; foundations of analysis; length, area, and measure. 

West Virginia University. June 3 to July 14: Professor Reynolds, combina- 
torial topology; Professor Vehse, advanced calculus and Fourier series and par- 
tial differential equations; Professor Peters, theory of equations. July 16 to 
August 25: Professor Stewart, advanced calculus and higher plane curves; Pro- 
fessor Vest, operational methods in partial differential equations; Professor 
Cunningham, modern geometry. 


PERSONAL ITEMS 


Brooklyn College announces: Associate Professor Edward Fleisher has been 
promoted to a professorship; Assistant Professor Samuel Borofsky has been pro- 
moted to an associate professorship; Dr. Jennie P. Kormes has been promoted 
to an assistant professorship; Mr. J. B. Secrist, Jr. has been appointed Instruc- 
tor. 

Brown University reports: Professor Lamberto Cesari of the University of 
Bologna spoke on “Area and Representations of Surfaces” at the Mathematics 
Colloquium on January 21; his lecture was designated as a Tamarkin Memorial 
Lecture. 

Teachers College, Columbia University, reports: Professor H. F. Fehr has 
been promoted to the position of Head of the Department of the Teaching of 
Mathematics, effective July 1, 1949; Dr. A. D. Bradley of Hunter College has 
been appointed to a part-time position for the Summer Session of 1949; Mr. 
Paul Clifford of State Teachers College, Montclair, New Jersey, has been ap- 
pointed to a part-time position for the Winter Session, 1949-50. 

Dr. F. L. Alt, who has been Deputy Chief of the Computing Laboratory of 
the Ballistic Research Laboratories, Aberdeen Proving Ground, has been ap- 
pointed Assistant and Acting Chief of the Computation Laboratory of the Na- 
tional Bureau of Standards. 

Associate Professor Holmes Boynton of Northern Michigan College of Edu- 
cation has been appointed to the position of Professor and Head of the Depart- 
ment of Mathematics. 
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Dr. L. A. Colquitt has been appointed to an assistant professorship at Texas 
Christian University. 

Professor H. S. M. Coxeter of the University of Toronto has been named 
Visiting Professor at Barnard College, Columbia University, for the Spring 
Session of 1949. 

Mr. B. K. Dickerson has been appointed to an instructorship at the Univer- 
sity of the South. 

Professor D. D. Kosambi of Tata Institute for Fundamental Research, 
Bombay, India, has received an appointment as Visiting Professor at the Uni- 
versity of Chicago for the Winter Quarter. 

Professor L. S. Laws of the Institute of Technology, University of Minne- 
sota, is an sabbatical furlough and is studying at Michigan State College. 

Professor P. H. Linehan of the College of the City of New York has retired 
with the title of Professor Emeritus. 

Mr. F. F. Otis has been appointed Assistant Professor and Chairman of the 
Mathematics Department of the Sault Sainte Marie Branch of Michigan College 
of Mining and Technology. 

Professor R. M. Pinkerton, formerly acting head of the Department of 
Mathematics of Texas Agricultural & Mechanical College, has accepted an ap- 
pointment as aeronautical research scientist with the National Advisory Com- 
mittee for Aeronautics at Langley Field, Virginia. 

Mr. Arthur Porges of Occidental College has been appointed to an assistant 
professorship at De Paul University. 

Professor T. G. Room of the University of Sydney has been appointed Visit- 
ing Professor at the University of Tennessee during the Winter term. 


Mr. J. S. Mikesh, formerly chairman of the Department of Mathematics at 
the Lawrenceville School, died on January 29, 1949. 

Professor Maximilian Philip, retired chairman of the Department of Mathe- 
matics of the College of the City of New York, died on January 17, 1949 at 
the age of seventy-one. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
NEW MEMBERS 


Professor H. M. Gehman, Secretary:Treasurer, announces that the following 
one hundred and twenty persons have been elected to membership on applica- 
tions duly certified: 


J. E. ApNEy, JR., M.A.(Ohio State) Assistant, V. ALLHANDs, M.A.(Arizona) In- 


Ohio State University, Columbus, Ohio structor, Washington State College, Pull- 
Bess E. ALLEN, Ph.D.(Cincinnati) Instruc- man, Wash. 

tor, Wayne University, Detroit, Mich. TyLeR ALLHANDS, M.A.(Arizona) Instruc- 
W. R. ALLEN, M.S. (Northwestern) Instruc- tor, Washington State College, Pullman, 


tor, University of Illinois, Chicago, Ill. Wash. 
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Paut AnpriasH, B.A.(Scranton) Instructor, 
University of Detroit, Mich. 

Mrs. HELEN C. Arens, A.M.(Radcliffe) 1117 
North Clark St., Los Angeles 46, Calif. 

W. F. Artcuison, Ph.D.(Illinois) Instructor, 
University of Illinois, Urbana, III. 

E. W. BANHAGEL, M. A.(Wayne) Instructor, 
Northwestern University, Evanston, IIl. 

W. E. Barnes, Sc.M.(Brown) Teaching Fel- 
low, Cornell University, Ithaca, N. Y. 

F, L. Barrow, A.M.(Missouri) Asst. Profes- 
sor, Central College, Fayette, Mo. 

W. J. Bettmer, M.A.(Dayton) University of 
Dayton, Ohio 

D, J. Berarp, B.S.(Washington) Gonzaga 
University, Spokane, Wash. 

Mrs. HELEN V. Betz, M.A.(Illinois) In- 
structor, Northwestern University, Evans- 
ton, Ill. 

F. C. Botser, M.A.(Peabody) Asst. Profes- 
sor, Florida State University, Tallahassee, 
Fla. 

L. F. Boron, M.A.(Michigan) Graduate Stu- 

dent, University of Illinois, Urbana, III. 

S. E. BosEtty, Jr., B.S.(Whitman) Head of 
Department, Franklin High School, Seattle, 
Wash. 

G. L. Burton, B.S.(M.I.T.) Instructor, Uni- 
versity Colorado, Boulder, Colo. 

E. A. Butter, M.A.(Columbia) Instructor, 
New York State College for Teachers, 
Albany, N. Y. 

JOSEPHINE J. Carr, M.A.(Bryn Mawr) Physi- 
cist, Pitman-Dunn Laboratory, Frank- 
ford Arsenal, Philadelphia, Pa. 

Mrs. Nancy V. CHENEY, B.A.(Carleton) In- 
structor, University of Colorado, Boulder, 
Colo. 

SARAVADAMAN CuHowLa, Ph.D.(Cambridge) 
Member, Institute for Advanced Study, 
Princeton, N. J. 

C. E. Crark, Ph.D.(Cornell) Asso. Professor, 
Emory University, Ga. 

CoHEN, M.A.(George Washington) 
Teacher, Montgomery Junior College, 
Washington, D. C. 

R. R. Coveyou, M.A.(Tennessee) Physicist, 
Oak Ridge National Laboratory, Tenn. 

E. H. Crister, M.S.(West Virginia) Teach- 
ing Fellow, West Virginia University, 
Morgantown, W. Va. 

G. A, CuLpeprer, M.A.(Colorado) Instruc- 
tor, University of Colorado, Boulder, Colo. 


Davin DEVot, Student, University of Colo- 
rado, Boulder, Colo. 

L. E. Dramonp, M.S.(Oklahoma) Oklahoma 
City University, Okla. 

F. W. Donatpson, M.A.(Kentucky) In- 
structor, University of Texas, Austin, 
Texas 

Beatrice G. Epison, A.M.(New York) 
Brewster, N. Y. 

R. E. Epwarps, M.A.(Michigan) Assistant 
Actuary, Columbian National Life Insur- 
ance Company, Boston, Mass. 

G. B. Finney, B.S.(Florida) Graduate As- 
sistant, University of Florida, Gainesville, 
Fla. 

R. C. FisHer, A.B.(Kansas) Graduate Stu- 
dent, University of Kansas, Lawrence, 
Kan. 

W. R. Futter, B.S.(Butler) Instructor, 
Butter University, Indianapolis, Ind. 

N. C. Gantvoort, M.S.(Iowa) Asst. Profes- 
sor, Huron College, S. D. 

H. M. Getper, M.A.(Missouri) Instructor, 
Western Washington College of Education, 
Bellingham, Wash. 

J. J. Gmvarry, Ph.D.(Princeton) Rand 
Corporation, Santa Monica, Calif. 

L. V. Goop, M.A.(Washington) Dean, Skagit 
Valley Junior College, Mount Vernon, 
Wash. 

R. D. Gorpon, Ph.D.(Indiana) Asst. Pro- 
fessor, University of Buffalo, N. Y. 

R. A. GrirFin, M.S.(Iowa) Asst. Professor, 
Iowa State College, Ames, Iowa 

E. L. Grinpatt, M.S.(Michigan State) In- 
structor, Michigan State College, East 
Lansing, Mich. 

P. E. Gvuentuer, Ph.D.(Harvard) Asst. 
Professor, Case Institute of Technology, 
Cleveland, Ohio 

B. T. Harris, A.B.(Knox) Editor, Macmil- 
lan Company, New York, N. Y. 

V. C. Harris, M.A.(Northwestern) Instruc- 
tor, Northwestern University, Evanston, 
Ill. 

R. E. Hearn, Student, Hastings College, Neb. 

Rev. C. J. Herp, O.S.B., B.A.(St. Vincent) 
Instructor, St. Vincent College, Latrobe, 
Pa. 

H. L. Herrick, M.S.(lowa) Mathematician, 
International Business Machines, New 
York, N. Y. 
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I. N. Herstetn, Ph.D.(Indiana) Instructor, 
University of Kansas, Lawrence, Kan. 

F. V. Hiccins, M.S.(Michigan) Asst. Profes- 
sor, Fenn College, Cleveland, Ohio 

W. M. Hirscu, M.S.(New York) Institute for 
Mathematics, New York University, N. Y. 

Juttus Hupson, Student, University of Ten- 
nessee, Knoxville, Tenn. 

W. C. Hosss, M.S.(Howard) Instructor, 
Hampton Institute, Va. 

W. H. Ito, B.Sc.(Illinois Institute of Tech- 
nology) Instructor, University of Minne- 
sota, Minneapolis, Minn. 

T. A. Jeeves, A.B.(California) Lecturer, 
University of California, Berkeley, Calif. 

S. A. Jounston, Ph.D.(Stanford) Chairman, 
Dept. of Math., Western Washington 
College of Education, Bellingham, Wash. 

C. W. Karns, M.A.(Northwestern) Assistant, 
Northwestern University, Evanston, IIl. 

P. G. Kirmser, M.S.(Minnesota) Assistant, 
University of Minnesota, Minneapolis, 
Minn. 

A. H. Kruse, Student, University of Kansas, 
Lawrence, Kan. 

K. B. Letsenrinc, Ph.D.(Michigan) In- 
structor, University of Michigan, Ann 
Arbor, Mich. 

Jame Lirsuitz, M.S.(Mexico) Instituto Tec- 
nologico de Monterrey, N. L., Mexico 

T. C. LirrLtejoun, B.S.(Memphis State Col- 
lege) Graduate Student, Northwestern 
University, Evanston, IIl. 

B. J. Locxwart, Ph.D.(Illinois) Asst. Professor, 
U. S. Naval Postgraduate School, 
Annapolis, Md. 

J. E. McKernan, M.A.(Oklahoma) Head of 
Department, Skagit Valley Junior College, 
Mount Vernon, Wash. 

J. G. M.Sc.(New Zealand) Asst. 
Professor, University of Alberta, Calgary 
Branch, Alta., Canada 

F. E. Mitiman, A.M.(Columbia) Instructor, 
Hobart and William Smith Colleges, 
Geneva, N. Y. 

Rev. J. J. Murray, S.J., M.A.(Gonzaga) In- 
structor, Gonzaga University, Spokane, 
Wash. 

J. A. S. Nertson, B.A.(British Columbia) In- 
structor, Westmont College, Santa Bar- 
bara, Calif. 


J. O. Nettson, Student, Augustana College, 
Rock Island, Ill. 

Rev. J. S. O’Conor, M.S.(M. I. T.) Chair- 
man, Physics Dept., St. Joseph’s College, 
Philadelphia, Pa. 

M. M. Ounmer, M.S.(Tulane) Asst. Professor, 
Southwestern Louisiana Institute, La- 
fayette, La. 

R. A. OEsTERLE, M.A.(Colorado State College 
of Education) Instructor, Eastern Ore- 
gon College of Education, La Grande, Ore. 

ANNE F. O'NEILL, Ph.D.(Radcliffe) Asst. 
Professor, Smith College, Northampton, 
Mass. 

MarGAaRET Owcnar, M.A.(Minnesota) In- 
structor, Rockford College, Rockford, Ill. 

R. G. Paxman, B.S.(Brigham Young) As- 
sistant, Northwestern University, Evans- 
ton, 

A. H. Payne, B.S.(Appalachian S. T. C.) 
Graduate Student, University of North 
Carolina, Chapel Hill, N. C. 

G. B. Peprick, B.S.(Oklahoma A & M) Fel- 
low, Oklahoma A & M College, Stillwater, 
Okla. 

Ann CeEaL Peters, Ed.D.(Columbia) Asst. 
Professor, Keene Teachers College, Keene, 
N. H. 

P. C. Rapp, B.A.(Buffalo) Engineer, Dynamic 
Analysis, Bell Aircraft Corp., Buffalo, 
N. ¥. 

IRVING REINER, Ph.D.(Cornell) Asst. Pro- 
fessor, University of Illinois, Urbana, II. 

SHIRLEY, A. RUBENSTEIN, M.A.(Oregon) In- 
structor, University of Virginia, Char- 
lottesville, Va. 

D. R. Ryan, M.A.(Gonzaga) Asst. Professor, 
Gonzaga University, Spokane, Wash. 

E. L. Sattspury, M.S.(Idaho) Instructor, 
State College of Washington, Pullman, 
Wash. 

H. F. SanpuaM, B.A.(Trinity) 5 St. Helen’s 
Road, Black Rock, Dublin, Ireland 

R. D. ScuaFer, Ph.D.(Chicago) Asst. Profes- 
sor, University of Pennsylvania, Phila- 
delphia, Pa. 

HERBERT Jr., M.A.(North Carolina) 
Asso. Professor, Oklahoma A & M College, 
Stillwater, Okla. 

W. R. Scott, Ph.D.(Ohio State) Instructor, 
University of Michigan, Ann Arbor, Mich. 
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W. H. SELLErs, B.S.(Davis & Elkins) Teach- 
ing Fellow, West Virginia University, 
Morgantown, W. Va. 

Student, George Washington 
University, Washington, D. C. 

J. H. SrepBanp, M.S.(Chicago) Instructor, 
Wilson Junior College, Chicago, Ill. 

StstER Mary Cormac Bouan, M.S.(Notre 
Dame) Asst. Professor, Marywood Col- 
lege, Scranton, Pa. 

StstER M. Tarcistus Gray, M.A.(Duquesne) 
Teacher, St. Mary’s High School, Pitts- 
burgh, Pa. 

SisTER Mary JANE DE CHANTAL MACKIN, 
B.A.(Clarke) Professor, Clarke College, 
Dubuque, Iowa 

SIsTER Mary Roswitna, O.S.F., Graduate 
Student, Catholic University, Washington, 
D:.C. 

SAMUEL SKOLNIK, M.A.(Southern California) 
Instructor, Los Angeles City College, Calif, 

B. R. Snyper, M.A.(Boston University) In- 
structor, University of New Hampshire, 
Durham, N. H. 

W. S. Snyper, Ph.D.(Ohio State) Asso, Pro- 
fessor, University of Tennessee, Knoxville, 
Tenn. 

J. C. Sorenson, B.S. (Utah State Agricultural) 
Instructor, Utah State Agricultural Col- 
lege, Logan, Utah 

J. G. Sowut, B.S.(Detroit) Assistant, Univer- 
sity of Detroit, Mich. 

R. A. Sponc, B.S.(Northwestern) Assistant, 
Northwestern University, Evanston, III. 

M. C. Stapp, M.A.(Peabody) Asst. Professor, 
University of Alabama, University, Ala. 

ROBERT STEINBERG, Ph.D.(Toronto) Instruc- 
tor, University of California at Los An- 
geles, Calif. 

J. F. Srockman, B.A.(Willamette) Instructor, 
University of Colorado, Boulder, Colo. 


[April, 


D. D. Srrese, B.S.(Buffalo S. T. C.) In- 
structor, University of Buffalo, N. Y. 

P. C, SwEETLAND, M.S.(Fort Hays Kansas 
State College) Assistant, Michigan State 
College, East Lansing, Mich. 

A. D. Tatxincton, M.A.(Missouri) Instruc- 
tor, University of Missouri, Columbia, Mo. 

W. C. Taytor, Jr., Asst. Professor, University 
of Tennessee Junior College, Martin, Tenn. 

R. T. Tear, B.A.(Oberlin) Rensselaer Poly- 
technic Institute, Troy, N. Y. 

C. M. Terry, Student, University of Kansas, 
Lawrence, Kan. 

P. D. Terry, Student, McMaster University, 
Hamilton, Ontario, Canada 

H. E. Tinnapret, M.A.(Ohio State) In- 
structor, Ohio State University, Columbus, 
Ohio 

Netty S. Uttman, M.S.(Columbia) In- 
structor, Polytechnic Institute of Brook- 
lyn, N. Y. 

HELEN E. Van Sant, A.M.(Columbia) Asso. 
Professor, Beaver College, Jenkintown, Pa. 

W. W. Varner, B.S.E.E.(Colorado) In- 
structor, University of Colorado, Boulder, 
Colo. 

J. E. Vottmer, B.S.(Detroit) Assistant, 
University of Detroit, Mich. 

B. T. Wane, A.B.(Franklin) Graduate Stu- 
dent, Kent State University, Kent, Ohio 

Haro_p WErInTRAUB, M.A.(Harvard) Gradu- 
ate Student, Harvard University, Cam- 
bridge, Mass. 

J. E. YARNELLE, M.S.(Chicago) Professor, 
Hanover College, Ind. 

Davip ZEItL1n, B.Ch.E.(Minnesota) Instruc- 
tor, University of Minnesota, Minneapolis, 
Minn, 

ANTONI ZyGmMuUND, Ph.D.(Warsaw) Professor, 
University of Chicago, III. 


REPORT OF THE TREASURER FOR THE YEAR 1948 


The following is a summary of the report of Professor H. M. Gehman as 
Treasurer of the Association for the year 1948. This report has been approved 
by the Finance Committee and accepted by vote of the Board of Governors. Any 
member of the Association who wishes the complete report of the Treasurer 
may obtain it by writing to the office of the Association. 
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I. TotaL FunDs OF THE ASSOCIATION ON JANUARY 1, 1948 
First National Bank, Ithaca..... a 


Ithaca Savings Bank........... 
Cleveland Trust Company...... 


Balance, January 1, 1948....... 
From Savings Account......... 


Sales of back numbers (net)..... 
Contributions for publication of 

Income: Hardy Fund.......... 
Sale of exchange periodicals... .. 
Sale of Archibald’s OUTLINE 

Interest on General Fund....... 


Balance, January 1, 1948....... 
Sale of Monographs............ 


Balance, January 1, 1948....... 
Sale of Slaught Papers......... 
Refund EupEmus appropriation . 


Balance, January 1, 1948....... 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


£;045.82 Savings 
60,655.00. Chace Fuad. ces 
Chauvenet Fund.............. 
Life Membership Fund......... 
$65 ,489 .60 
II. CurRRENT FuND 
$ 3,609.48 MOoNTHLY 
1,045.82 
17,488.00 
695.16 Secretary-Treasurer’s Office 
200.00 Office expenses.............. 
48.80 
Board of Governors............ 
Representatives. 
Transfer to General Fund...... 


Balance, December 31, 1948.... 


III. Carus Funp 


$11,058.30 
1,820.67 
400.99 


Honorarium, 8th Monograph.... 
Printing, 8th Monograph....... 
Reprinting, 6th Monograph..... 
Decrease in value of securities... 
Balance, December 31, 1948.... 


IV. CHAcE FunpD 


$ 9,059.59 
185.00 
65.00 
330.93 
334.15 


Honorarium, 1st Slaught Paper. . 
Decrease in value of securities... . 
Balance, December 31, 1948.... 


V. Houck Funp 


9,300.12 
356.43 


Decrease in value of securities... 
Balance, December 31, 1948.... 
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9,059.59 
9,300.12 
659.79 
598.60 
30,157.90 


$65 489.60 


$10,127.14 


300.00 
3,437.69 
1,326.12 

134.89 
8,081.26 


86.00 
112.42 
9,776.25 


119.91 
9,536.64 


’ 
n- 
$ 3,609.48 
2s 1,045.82 
n. $ 
Ss, 
304.65 
s, 520.98 
1,164.17 
c- 4,190.50 ; 
404.37 
1,424.79 
100.00 
100.00 
1,131.78 
422.71 
50.00 
160.81 
550.00 
3,485.06 
7,306.07 
l- 
| 
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CALENDAR OF FUTURE MEETINGS 


VI. CHAUVENET FunD 


$ 659.79 
22.28 


VII. GENERAL FunD 


Balance, January 1, 1948....... $30,157.90 
From Life Membership Fund... 598.60 
From Current Fund........... 3,485.06 


VIII. Tota FuNDs OF THE ASSOCIATION ON DECEMBER 31, 1948 


8,081.26 
9,776.25 
Chauvenet Fund.............. 624.58 

$69,191.63 


Award of Chauvenet Prize...... 50.00 
Decrease in value of securities ... 7.49 
Balance, December 31, 1948 .... 624.58 
Decrease in value of securities... $ 374.73 
Balance, December 31, 1948 .... 33,866.83 

M & T Trust Company, Buffalo, 
Checking Account ........... $ 7,306.07 
61,885.56 
$69,191.63 


CALENDAR OF FUTURE MEETINGS 


Joint Meeting with American Society for Engineering Education, Troy, New 


York, June 20-21, 1949. 


Thirty-first Summer Meeting, Boulder, Colorado, August 29-30, 1949. 

Thirty-third Annual Meeting, New York City, December 30, 1949. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, West Virginia 
University, Morgantown, May 7, 1949 
ILtinots, Bradley University, Peoria, May 
13-14, 1949 

INDIANA, University of Notre Dame, May 
7, 1949 

Iowa, Drake University, Des Moines, 
April 15-16, 1949 

KANSAS 

Kentucky, Centre College, Danville, May 
14, 1949 

LouIsIANA-MIssISSIPPI 

MARYLAND—DistRICT OF COLUMBIA—VIR- 
GINIA, University of Virginia, Char- 
lottesville, May 14, 1949 

METROPOLITAN NEw YoRK 

MICHIGAN 

Minnesota, Gustavus Adolphus College, 
St. Peter, May 7, 1949 


MIssourRI 

NEBRASKA, Lincoln, May 7, 1949 

NORTHERN CALIFORNIA 

OKLAHOMA 

Paciric NORTHWEST 

PHILADELPHIA, Haverford College, Novem- 
ber 26, 1949 

Rocky Movuntain, Colorado School of 
Mines, Golden, April 22-23, 1949 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

Upper New YorkK SraTE, University of 
Buffalo, April 30, 1949 

Wisconsin, Lawrence College, Appleton, 
May 14, 1949 


| [April, 
Balance, January 1, 1948....... P| 
Fy 
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Recently published. 
INTERMEDIATE ALGEBRA FOR COLLEGES 


By Paul R. Rider 
Professor of Mathematics, Washington University 


This new text is designed for those students who do not have sufficient back- 
ground for the regular college algebra courses. It offers a clear explanation of 
the fundamentals, presented on the college level of maturity. Explanations are 
made through the use of extensive illustrative examples, which the student works 
through to a sound understanding of the mathematical principles behind it. 
Concise summaries of the main principles are provided at the end of each chapter. 
Published February 8, 1949. $2.75 


FIRST YEAR 


MATHEMATICS FOR COLLEGES 
By Paul R. Rider 


There has long been a demand for a single text covering all the topics taught in 
first year mathematics courses given in liberal arts colleges and engineering and 
technical schools. This new book, which treats algebra, trigonometry, and analytic 
geometry as individual units, effectively meets that demand. Much of the ma- 
terial has been taken from Dr. Rider’s earlier books with a certain amount of 
rearranging and connective material. To be published in May. $5.50 (probable) 


AN INTRODUCTION TO 
COLLEGE GEOMETRY 


: By Taylor and Bartoo 


This new book provides a splendid preparation for prospective teachers of sec- 
ondary mathematics. It is outstanding for its use of historical materials in the 
development of geometry, for its clear presentation of the important propositions 
of elementary geometry from which the discussion of modern geometry stems, 
‘ and for its extremely effective consideration of the concepts and principles of 
modern geometry. To be published in May. $3.25 (probable) 


THE MACMILLAN COMPANY 60 Fifth Avenue New York I 
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TEXTBOOK NEWS 


A new text for the first college 


course in Calculus... 
CALCULUS 
By Lloyd L. Smail, Lehigh University ; 


Among the many distinctive features of this book for standard college and 
university courses in Calculus are the following: d 


e Early introduction of integration, involving both indefinite integrals 
: and definite integrals. 
- © Replacement of Duhamel’s theorem by Bliss’s theorem. 
. e Treatment of Taylor’s theorem with a remainder before infinite series. d 
© Modern definition of limit of a function, without defining limit of a 
variable. 
e Derivative is defined first as limit of a ratio. 
© Definite integral is defined as limit of a sum. 
e Fundamental theorem of integration is proved analytically. 
To be published in April 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd St. New York I, N.Y. 


—Outstanding Pitman Books 


An Introduction to Mechanics 
By J. W. Campbell, Professor of Mathematics, University of Alberta 


372 Pages Illustrated $4.50 


A steadily increasing list of adoptions attest to the splendid reception accorded this distin- 
guished text for third and fourth year intermediate courses in physics and mathematics. Con- 
tains many useful features not provided in the usual text on the subject—presents an intro- 
duction to mechanics principles developed so the student will find them challenging but not 
difficult. Basic principles are clearly evolved and are related to the student's actual experience. 


REGULAR POLYTOPES—H. S. M. Coxeter 321 Pages, $10.00 


An important contribution to geometry, this exceptional new text is rich in historical as well : 
as expository detail. Those familiar with elementary algebra, geometry and trigonometry will ; 
appreciate its fresh application to the subject. 


PROJECTIVE AND ANALYTICAL GEOMETRY—4J. A. Todd 
289 Pages, $4.50 
This new text shows the relation of projective geometry to other branches of mathematics. ’ 


THEORY & USE OF THE COMPLEX VARIABLE—S. L. Green 
136 Pages, $3.75 } 


You are invited to send for examination copies 


=. 2 West 45th Street PITMAN PUBLISHING 
New York 19, N.Y. CORPORATION 
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INTRODUCTION 
TO MATHEMATICS 


COOLEY ¢ GANS ¢ KLINE WAHLERT 


Shows the importance of mathematics in contemporary civilization. The First Edition 
of INTRODUCTION TO MATHEMATICS was a pioneer effort to relate mathe- 
matics more definitely to the cultural education of non-scientific students in Liberal 
Arts courses. In the Second Edition the authors not only ably preserve the cultural 
spirit that gives the book its characteristic quality, but also incorporate such changes 
as class use has shown desirable. 


_More drill material. In its Second Edition INTRODUCTION TO MATHEMATICS 


has been completely rewritten. A considerable amount of drill material has been 
added to PART ONE but without any departure from the natural and intuitive methods 
of presentation that characterized the First Edition. 


Greater unity to individual topics. PART Two has been entirely reorganized to give 
greater unity to the individual topics and to introduce as much practical material 
as space permits. The most conspicuous block of new material is that which deals 
with statistics. Present, also, is a novel means of introducing the trigonometric func- 
tions and a much more extensive treatment of their applications than is usually 
found in elementary texts. 


More intuitive treatment, PART THREE has been made more intuitive than in the 
First Edition, with most of the formalism eliminated. While it is briefer than before, 
it.contains more of the material of calculus. 


For preparatory or terminal courses. Though the book emphasizes mathematics as 
content and as thought-process rather than a technique, it does provide training 
in the use of mathematics as technique. In order to give more practice in the handling 
of mathematics, the authors have added in the text more exercises and more problems 
so that the student has at hand ample material for the practical application of mathe- 
matics to everyday life. 


Boston New York Chicago 


HOUGHTON MIFFLIN COMPANY Dallas 


San Francisco 
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AN IMPORTANT TEXT REVISED 
q 
q : 


ANALYTIC GEOMETRY 


the Third Edition 
by WILSON and TRACEY 


—coming this spring 


For greater usability—a completely new format; pages are larger and more 
open ... all diagrams have been redrawn and many have been enlarged .. . 
headings are large and clear . . . problems have been revised as much as is 
possible in keeping with the work to be covered . . . minor corrections 
throughout. 


college algebra texts 
by WILLIAM L. HART 


INTERMEDIATE ALGEBRA 
FOR COLLEGES 


Designed for college students who did not study a second course in algebra 
in high school . . . includes appropriate refresher work in arithmetic .. . 
emphasizes the development of skill in computation . . . written in a style 
suitable to the maturity of college students . . . features abundant problem 
material. 323 text pages. $2.75 


COLLEGE ALGEBRA 
Third Edition 


Presents a comprehensive treatment of the usual content of college algebra, 
preceded by a complete collegiate presentation of intermediate algebra .. . 
designed as a flexible text for use with classes of varying degrees of prepara- 
tion . . . contains a substantial amount of supplementary material of interest 
in experimental fields and statistics. 424 text pages. $3.00 


D. C. HEATH AND COMPANY 


Boston NewYork Chicago Atlanta SanFrancisco Dallas London 
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First-Rate Mathematics Texts 


Among the New Titles 


FUNDAMENTALS OF SYMBOLIC LOGIC 


By Alice Ambrose and Morris Lazerowitz. A basic text in formal logic, presented in 
a natural, orderly fashion and offering new concepts. 310 pp., $5.00 


RINEHART MATHEMATICAL TABLES, FORMULAS & CURVES 


Compiled by Harold Larsen. A collection of highly accurate tables, selected on the 
basis of those most needed in mathematics and engineering. 264 pp., $1.50 


RINEHART MATHEMATICAL TABLES 


Compiled by Harold Larsen. An alternate edition to that above, containing a com- 
pact selection of the tables without the formulas and curves. 160 pp., $1.00 


Three Timely Revisions 


COLLEGE ALGEBRA 


By Lewis M. Reagan, Ellis R. Ott, and Daniel T. Sigley. An improved edition of an 


already successful text with an unconventional, inductive approach. 
447 pp., $4.00 


FRESHMAN MATHEMATICS 
By Hermon L. Slobin and the late Walter E. Wilbur. Revised by C. V. Newsom. A com- 
plete revision of this freshman basic text, with new problems. 703 pp., $4.50 


PLANE AND SPHERICAL TRIGONOMETRY 


By John A. Northcott. Much fresh material has been added to this thorough revision, 
with problems carefully selected and graded. May pub. Probably 256 pp., $2.00 


And Always in Wide Use 


ALGEBRA FOR COLLEGE STUDENTS 


By Jack R. Britton and L. Clifton Snively. A complete treatment of algebra with 
abundant geometrical material and emphasis on underlying ideas. 529 pp., $3.25 


MATHEMATICS OF FINANCE 
By John A. Northcott. Compound interest and its application is developed by the use of 
three major formulas. More than 500 graded problems included. 252 pp., $3.00 


PLANE TRIGONOMETRY 


By William K. Morrill. A text for the brief or extensive course, introducing a new 
and simple method for finding the functions of any angle. 245 pp., $2.50 


inehart & Company, Inc. 


232 MADISON AVENUE - NEW YORK 16, N. Y. 
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THE REAL PROJECTIVE PLANE 
By H. S. M. Coxeter, University of Toronto. 198 pages, $3.00 


®In this important new textbook an internationally famous geometer presents 
an introductory treatment of projective geometry, including a thorough discus- 
sion of conics and a rigorous presentation of the synthetic approach to coordi- 
nates. The restriction to real geometry of two dimensions makes it possible for 
every theorem to be adequately represented by a diagram. Emphasis is placed 
upon the concept of correspondence, or transformation, which is fundamental 
to all branches of mathematics. A special feature is the clear division between 
the projective, affine, and Euclidean geometries. 


SOLID ANALYTIC GEOMETRY 
By Adrian Albert, The University of Chicago. 164 pages, $3.00 


©The author presents an exposition of the analytic geometry of three-dimensional 
space, The material covers the standard topics of space analytic geometry but 
provides a treatment of the subject which permits immediate generalization 
to m dimensions, and ties the subject to modern mathematics—particularly to 
modern algebra. Thus the aim of the book is to provide a modern and simpler 
treatment of the subject matter which permits easy generalization and fits the 
subject into its proper place in modern mathematics. 


ANALYTIC GEOMETRY 
By Robin Robinson, Dartmouth College. 147 pages, $2.25 


¢This is a brief text for the conventional course in analytic geometry. The ap- 
proach to the subject is designed with the liberal arts curriculum in mind. The 
author covers the more usual materials in plane analytic geometry, built around 
the study of the conic sections as a core; the quadric surfaces play a similar 
role in the treatment of space analytic geometry which concludes the book. 
New techniques are amply illustrated by worked examples, and great care has 
been taken in the selection and arrangement of problems. 


INTRODUCTION TO COMPLEX VARIABLES AND APPLICATIONS 
By Ruel V. Churchill, University of Michigan. 219 pages, $3.50 


®Meets the needs of students preparing to enter the fields of physics, theoretical 
engineering, or applied mathematics. The selection and arrangement of ma- 
terial is unique, and an effort has been made to provide a sound introduction to 
both theory and applications in a complete, self-contained treatment. The book 
supplements Professor Churchill’s Fourier Series and Boundary Value Prob- 
lems and Modern Operational Mathematics in Engineering. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42no STREET, NEW YORK 18, N. Y. 
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MATHEMATICS OF FINANCE 


Second Edition 


By T. M. Simpson, Z. M. Pirenian, University of Florida; and B. H. 
Crenshaw, Alabama Polytechnic Institute 


This text treats with clarity the important phases of business mathematics as they 
function in finance. The practical value of every topic is stressed, and proved 
through examples and problems taken from everyday business life. Commercially 
important topics like the construction and interpretation of formulas, simple interest 
and discount, and equations of value are stressed in Part |. In Part Il, the mathe- 
matical theory of compound interest, annuities and life insurance is integrated with 
concrete applications. 

126 pages of tables, 2,273 problems, 295 problems for comprehensive review. 
Published 1936 456 pages 6" x 9” 


COLLEGE ALGEBRA 


Revised Edition 


By Harold T. Davis, Northwestern University 

Written from the historical point of view, this book goes beyond the traditional 

topics of a college algebra course to include a wide range of cultural material. 

Many references throughout the text are to the development of certain algebraic 

concepts, and special sections give short biographies of great mathematicians, the 

history of certain famous problems, and mathematical recreations. Some unusual 

topics taken up include Euclid's algorithm, continued fractions, and interpolation 

by second differences. 

Published 1942 470 pages 6" x 9” 
ELEMENTS OF STATISTICS 


By Elmer B. Mode, Boston University 


Only high school mathematics are required to understand this simple and practical 
text. It is designed to help the student majoring in related fields to acquire suffi- 
cient statistical terminology and technique to read intelligently the statistical con- 


tent of literature in his subject, and to handle the basic procedures of statistical 
analysis. An unusual abundance and variety of original exercises help the student 
master the text. 


Published 1941 378 pages Ce? 


Send for your copies today 


PRENTICE-HALL, INC., 
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ANALYTIC GEOMETRY and CALCULUS: 
A Unified Treatment 


By FREDERIC H. MILLER, Professor and Head of the Department of 
Mathematics, The Cooper Union School of Engineering. 


This textbook is a correlated study of analytic geometry and calculus. 
Designed for teachers, especially of engineering or science students, who 
desire a unified treatment, entailing early introduction of differential and 
integral calculus, it is suitable for a two- or three-semester course. Thor- 
oughness and teachability have been maintained despite the unusual treat- 
ment of the subject. 


Ready in May Approx. pages 652 Prob. price $5.00 


PSYCHOLOGICAL STATISTICS 


By QUINN McNEMAR, Professor of Psychology, Statistics, 
and Education, Stanford University. 


Of interest to teachers of statistics, research psychologists, and social 
scientists is this introduction to statistical methods which emphasizes funda- 
mentals—assumptions, permissible interpretations and inferences, and 
limitations. Also stressed are an extensive exposition of sampling and of 
correlational analysis, and a thorough treatment of that part of statistical 
‘inference which involves chi square, small sample methods, and the analysis 
of variance. 


January 1949 364 pages illus. 5% by 8% $4.50 


STOCHASTIC PROCESSES 
and COSMIC RADIATION 


By NIELS ARLEY, Assistant Professor of Physics, The Institute of 
Theoretical Physics, University of Copenhagen. 


An excellent translation of Arley’s investigation of the fluctuation prob- 
lem of the theory of cosmic ray radiation. The theory works out in detail 
the mean numbers of particles in the showers and the fluctuations about 
these mean numbers, thus obtaining estimates of the probabilities of the 
showers containing different numbers of particles. These probabilities are 
directly compared with experimental, or Rossi, curves by investigating the 
role played by the fluctuation problem. 


March 1949 240 pages 6 by 9% $5.00 


JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16, N.Y. 
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